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PREFACE. 


HE improvements in artillery and gunnery 
are the chief aim of this work; but as this 
could not be done without the higheſt and 

moſt intricate parts of the mathematics; and as ſe- 
veral propoſitions, which are abſolutely neceſſary 
in what follows, are not to be found elſewhere; I 
was induced to begin with a conciſe treatiſe of flux- 
ions; deduced from the principles laid down by 
Sir Iſaac Newton, the inventor, in his Introduction 
to the Quadrature of Curves. By this the reader 
will find every thing that is wanting to under- 
ſtand the ſubject, without being obliged to have re- 
courſe to other authors. | 
In a 10 5 ſo intricate as this, it is unſafe to de- 
pend on what has been ſaid by others without a very 
ſtrict examination, to avoid inaccuracies that might 
miſlead and occaſion wrong concluſions. The want 
of this precaution has been the cauſe that writers 
upon this ſubject, have not ſucceeded ſo well as 
might have been expected from their knowledge in 
other reſpects. # 
This work is the production of many years la- 
bour, as the great number of capital errors com- 
mitted by others in their theories required time and 
application to diſcover. Thus the ſpecific gravity of 
air, as commonly ſuppoſed, we found not to be 
true: the common eſtimation of the reſiſtance of 
bodies moving in the air is quite void of truth, at 
leaſt as Mr. Robins will have it; for he makes that 
of a 24 pound ball above 23 times more than it 
poſſibly can be, as we have proved in this work. 
Again, the greateſt velocity a body can poſſibly ac- 
quire by falling in the air, has not been rightly de- 
termined, though it is abſolutely neceſſary to be 
5 0 4 2 known, 
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known, before projectiles in the air can be deter. 
mined. 

__ that the greateſt velocity that a ſhot can 
poſſibly have depends on its diameter, I was enabled 
to determine the moſt advantageous length of guns 
and their beſt charges (a queſtion ſought for in vain, 
ever ſince their invention) and to correct the vulgar 
error of making ſmall calibers longer, and loading 
them with more powder, in proportion to the large, 
in order, as they imagine, tomake their ſhot go far. 
ther; whereby they were obliged to make them 
heavier than they need be, at a much greater ex- 
pence in metal and carriage. 

From what has been ſaid in this work, artillery 
may be brought to its greateſt perfection by a few 
good experiments: for all thoſe that have hithertobeen 
publiſhed, I may ſay, are trifling, and not the leaſt 
to the purpoſe : the only good are thoſe made by 
General Williamſon, Major Hiſlop, and ſeveral 
other artillery officers at Minorca, in 1745; which 
they were ſo kind to communicate to me, and are 
Inſerted in the introduction to our artillery. 

The uſe of fluxions, in the improvement of ar- 
tillery and gunnery, may poſſibly ſtartle many artil- 
lery officers, but as it cannot be done otherwiſe, I 
cannot W! it: though an officer may underſtand 
his buſineſs very well in all other reſpects, without 
ſo complex a theory as this, yet ſome of them will 
be pleaſed to find how they may improve their 
knowledge; the gallant behaviour of all thoſe em- 
ployed in the two laſt wars has been ſo conſpicuous 
to all the world that they need not be under any ap- 
prehenſion, that the utmoſt malice or ſpite could 
invent can be the leaſt detraction of their merit. 

Though the figure of the earth has no immediate 
connection with what we have treated before, yet ! 
hope the curious reader will not be diſpleaſed to ſce it 
treated in an eaſy and familiar manner. © ON 
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Of FLUXIONS i General. 


KL HOUGH Fluxions have been treated by 
#f + MN many able authors, and their application in 
* a very copious manner; yet, if I am not 
KI I miſtaken, the firſt principles have not hi- 
therto been explained in ſo eaſy and perſpicuous a 
manner as might be done. Two different methods 
are uſed to demonſtrate them; the one by the laws 
of motion, and the other by the prime and ultimate 
ratios. The firſt requires more previous knowledge, 
and is not ſo applicable in many caſes ; for inſtance, 
in finding the fluxion of a curve line, or that of its ſur- 
face, deſcribed about an axis, as any one may be con- 
vinced who reads Maclaurin's work upon this ſubject. 
The ſecond is that which has been uſed by the inven- 
tor Sir 1/aac Newton, as may be ſeen in the introduc- 
tion to his quadrature of curves. But thoſe authors 
who uſe this method, have generally miſtaken the li- 
miting ratio for the prime and ultimate ones, ſuch as 
Mr. Kobins and many others, which has occaſioned ſo 
much diſputes about the certainty of their principles, 

In the method of fluxions, quantities are not con- 
ſidered as made up by the accumulation of parts, but 
as generated by a continual flux or motion ; that is, 
a line deſcribed by a point, a ſurface by a line, and a 
ſolid by a ſurface. 
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2 The FigsT PRINcI LES dect. I. 


DEFINITION I. 

The velocities or rates with which quantities, va- 
rying by a continual motion, increaſe or decreaſe at 
the ſame time, are called fuxions, and the quantities 
themſelves fluents. 

DE F INIT. ION II. 

The ultimate ratio of variable quantities, which 
vaniſh or ceaſe to exiſt at the ſame time, is the laſt 
ratio they can have, and in which they vaniſh “; and 
the prime ratio, that in which quantities enter toge- 
ther into exiſtence. 

Sir Jade Newton obſerves, that the fluxions of va- 
riable quantities, are as the ultimate ratios of their 
cotemporary increments. But as this inference may 
not readily appear to beginners, we ſhall endeavour 
to prove it in the two following theorems. 


T HE OR E M. Plate I. Fig. 1. 


1. The difference mn or pP, between two abſciſſas AP, 
Ap, of a curve AM, and the difference nM between the 


* This definition of the ultimate ratio is ſo exact and preciſe, 


that one ſhould think it impoſſible to miſtake its meaning; fince 
It requires that the quantities ſhould abſolutely vaniſh at the ſame 


time, and therefore all ſuch quantities as do or cannot actually 
vaniſh, tho' they approach ever fo near, can have no ultimate ratio: 
yet the limiting ratio, which may approach ever ſo near, but 
the quantities can never vaniſh, has been confounded with the 
ultimate ratio. To ſhew the difference between theſe two ratios, 
let a be a conſtant, and x a variable quantity; then it is faid, 
that the ratio of à to a+x, becomes that of equality, when x 
becomes infinitely ſmall or leſs than any aſſignable quantity. Is not 
this ſuppoſing a=a+x? lt is in vain to * that x can make no 
difference on account of its ſmallneſs; it muſt be either ſomething 
or nothing, ſince there can be no ſtate between exiſtence and 
non-exiſtence ; and if x be ſomething, tho' ever ſo ſmall, à can 
never be equal to a+x, in a mathematical ſenſe, Tho' this ſup- 
poſition were admitted, it muſt be owned, that, to eftabliſh the 
principles of ſo extenſive a ſcience as fluxions upon this founda- 
tion, muſt appear very improper, as it introduces a quantity 
of which we can have no poſſible idea; and, what is ſtiil more 
abſurd, and againſt good method, when there is not the leaſt 
occaſion for it. 


Corte: 


Free 3 
cerreſponding orainates PM, pm, vaniſb in the ratio of 
the ſubtangent LP to the ordinate PM. 

Let the line drawn thro” the extremities M, m of the 
ordinates meet TA in V; then the ſimilar triangles 
VPM. mnM, give ma: MM:: VP: PM; and as this 
proportion always ſubſiſts, where-ever the ordinate 
pm may be drawn, if we ſuppoſe pm to move parallel 
to itſelf towaras PM, it is plain, that as pm approaches 
PM, or the point p to the point P, the point V ap- 
proaches alſo to the point T, and the lines mn, nM 
diminiſh gradually tiil the point p coincides with the 
point P, then they vaniſh together, and the point V 
in that inſtant, and not before nor after, coincides 
with the point T: conſequently, by the proportion 
above, the ultimate or vaniſhing ratio of mn to nM, 
will be equal to the ratio of the ſubtangent TP to 
the ordinate PM. 

N. B. As but one line can be drawn fo as to touch 
a curve in the ſame point, ſo can there be but one 
ultimate ratio between the differences of the incre- 
ments or decrements of the abſciſſas and ordinates of 
the ſame curve. 3 

It may alſo be obſerved, that ſince mn: mM :: VP: 
VM, the ultimate ratio of mn to the arc mM is equal 
to the ratio of the ſubtangent TP to the tangent TM ; 
for if a tangent be drawn thro” the point m, it is eaſily 
proved that the ſum of the tangents at m and M, ter- 
minated by their . interſection, will always be greater, 
and the chord mM leſs, than the arc mM; and ſince 
the ſum of theſe tangents and the chord mM vaniſh 
in the ratio of equality, the arc mM and that chord 
vaniſh alſo in the ſame ratio : conſequently the ultt- 
mate ratio of mn to mM is equal to the ratio of the 
ſubtangent TP to the tangent TM. | 


THEOREM. Eg. 2. 


2. If a line pE moves parallel to itſelf with an uni- 
Form motion, wwhile a point m in that line moves with a 
B 2 retarded 
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retarded one fo as to deſcribe a curve AM; when that 
line arrives into any poſition PM, the velocity of the point 
p is to the velocity of the point m, as the ſubtangent is to 
The ordinate. _ 
Let TP be taken to PM, as the velocity of the 
point p with which it arrives at P, is to the velocity 
the point m arrives with at M; throꝰ the point M draw 
'EF parallel to AP, and let the ordinates pm, qn 
drawn on both fides of PM, meet EF, in E, F and 
TM, in L., N: Then as the velocity of the point m 
is greater at m and leſs at n than at M, by ſuppoſition, 
vhile the line pE moves from p to P, and from P to q. 
or the point E from E to M, and from M to P, uni- 
formly, the point m which deſcribes the curve, moves 
over mE with a greater and over Fn with a leſs velo- 
city than that point has at M; and fince (TP:PM: :) 
EM: EL: MF: FN; by ſuppoſition the ſpaces EL, 
FN, are deſcribed oniformily with a velocity equal to 
that which the point m has at M, at the ſame time that 
EM, MF are deſcribed uniformly, with the velocity of 
the point p; and as mE. is deſcribed with a greater ve- 
locity, and Fn with a leſs, than that with which LE 
and FN are deſcribed at the fame time, LE. will be 
leſs than Em, and FN greater than Fn. The poinrs 
L, N, are therefore on the outſide of the curve AM; 
and as this will always happen where-ever the ordinates 
pm, qn, ate drawn, excepting at the point M, the line 
TM touches the curve at M. The velocicy of the 
Point p at P is conſequently to the velocity of the 
point m, at M, or the fluxion of the abſciſſa AP is 
to the fluxion of the ordinate PM, as the ſubtangent 
TP is to the ordinate PM. 
lf the motion of the point m was accelerated in- 
ſtead of being retarded, the curve would be convex to- 
wards the line AP; but the demonſtration will re- 
main the ſame as before. 
We have here ſuppoſed the common laws of 
motion, as being treated of in books of aer; 
an 
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and therefore ſuppoſed to be known; but if any rea- 
der is unacquainted with them, he may paſs over this 
laſt theorem, as being only of uſe to ſhew the agree- 
ment between fluxions and ultimate ratios. 


COR 

3. Hence, the ultimate ratio of the cotemporary 
increments or decrements of the abſciſſa AP and or- 
dinate PM of any curve is then the ſame, or equal to 
the ratio of the fluxions of theſe lines, agreeable to Sir 
Iſaac Newton's aſſertion; the demonſtrations deduced 
from the ultimate ratios are conſequently equally 
concluſive and geometrical, as thoſe from fluxions, 
and in many caſes more conciſe and convenicnt, as 
will appear hereafter. 

Obſerve, that no actual motion is required in the 
method of fluxions, but only the proportion, whereby 
variable quantities increaſe or decreale at the ſame 
time, which is always aſſignable from the known re- 
lation between the quantities themſelves. The word 
velocity is applied in a figurative ſenſe, to denote the 
degree of increaſe and decreaſe at the ſame time, 


6-0: 

4. Since the direction of the motion in any point 
of the curve is always in the tangent. at that point, 
and if the motion with which the | point m arrives at 
M, was to become uniform, the point m would pro 
ceed | in the direction of the tangent IM; the dire@ions 
of the motions in the abſciſſa AP, ordinate PM, and 
the curve, being in the ſubtangent TP, ordinate PM 
and.tangent TM; the velocities, or fluxions of the 
abſciſſa, ordinate and curve, may therefore be repre- 
lenred by the three ſides of the triangle TPM, or by 
thoſe of any other triangle ſimilar to This. 

Fig. 3. No. 2. Hence if AM be an arc of a circle, 
O the center, PM the fine: then becauſe of the ſimilar 
right-angled triangles OPM, MPT, we have, 19. OP: 
OM: PN: MT, chat! is, the coſine is to the radius as 
the flux on of the fine is to the fluxion of the arc AM. 

—— 23 2% PN 
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29, PM:OM::PT: MT, that-is, the fine is to the ra- 
dius as the fluxion of the coſine is to the fluxion of 
the arc AM. 8 | 

N B. Conſtant or invariable quantities have no 
fluxions, and are generally exprefied by the initial 
letters a, B, c, d of the alphabet; the variable or flow- 
ing ones, by the finals v, x, y, 2, and their fluxions by 
the ſame letters with a point over them, as b, &, 9, 2. 


AXIOM. 


Equal magnitudes have equal fluxions, fince they 
mult neceſfarily increaſe or decreaſe at an equal rate 
at the ſame time. 


THEOREM, | 
g. If the ſum of ſeveral magnitudes is equal to one or 
more magnitudes, the jum of their fluxions will be equal 
to the fluxions of their equals. 
This is evident from the axiom; for if v+4=x +2, 
then will v+y=x+2, otherwiſe theſes magnitudes 
could not increaſe or decreaſe at an equal rate. 


THEOREM. 


6. When a magnitude aecreaſes while others increaſe, 
its fluxion muſt be negative. \B, 

For if y+2=a, and a is a conſtant magnitude; 
then when y increaſes z muſt decreaſe, or if y decreaſes 
2 mult increaſe : and ſince the fluxion of y+z=4 is 
ro, becauſe 4 is conſtant, we have — Y =, or 
. | 


THEOREM, 


7. If variable magnitudes are ina confiant ratio, their 

fluxions will be in the ſame ratio. W 
For ſince variable magnitudes, which increaſe or 
decreaſe in a conſtant ratio, their rates or fluxions 
muſt be in. the ſame ratio: thus, if a, & are conſtant, 
and x, y variable, and if 4: 5: : *: ), then x and y mult 
vaniſh together, and in the ratio of à to b. 
"nets tes: ob PR O- 


— r 
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PRO B L E M. Hg. 1. 


8. To find the fluxion of a variable ſquare, yy. 

Let y expreſs the ordinate PM of a parabola whoſe 
parameter is unity, and abſciſſa AP=x; then will 
Y, and becauſe the ſubtangent TP is double the 
abſciſſa AP by conicks, and the fluxion of the abſciſſa 
AP is to that of the ordinate PM, as TP is to PM, 
by Art. 2. we have TP (2x): PM G) :: & :, or 2K 

Dy, or becauſe x, by writing the value of x into 

2%, we get 2zy*=yx, which divided by y gives 
2jy=#*; but & is the fluxion of x, therefore 2 is 
that of its equal yy by the axiom, 

Otherwiſe by the ultimate ratios. Fig. 1. 

Let Ap gu, pm=2z; then will 4=2zz, by the pro- 
perty of the parabola; this equality ſubtracted from 
„ Y gives #—4=yy— zz; whence mn (x-): nM 
(y—2)::y+2:1; and by the ſimilarity of triangles 
mn: nM:: VP: PM; therefore y+2:1::VP:PM, by e- 
quality of ratios. Now, when Ap becomes AP and 
and pm becomes PM, or ur and y=z, then VP 
becomes the ſubtangent TP, and conſequently 2y: 
xk: (TP: PM: :) x:9, by Art. 1. or & 225. 

N. | 

9. Hence, the fluxion of a variable rectangle yz is 
32z+y2, For it we ſuppoſe y+z=x, then will yþz=x 
by Art. 5. and y +2z=x multiplied by y &, gives 
W+J3z+3z+2z=x%, and the ſquare of y+z= x is 
y+2y2z+2z=xx. Hence, ſince yy, 25, xx, are half 
the fluxions of the ſquares yy, zz, xx, by Art. 8. it is 
manifeſt that yz+yZ is halt the fluxion of 2zy, that 
1s of yz by the axiom, 

en No A. ho | 
10. The fluxion of y3 is 352. For ſuppoſe x=yy ; 
then h = ys by equal multiplication, and che fluxion 
| %-+xy of xy is equal to the fluxion of y3 its equal, by 
the axiom; but the fluxion of x=yy, is & 2, by 
Art. 8, and the values of x, &, being wrote into the 
B 4 fluxion 
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fluxion xy +7, gives 2) +5y*,or 33y*, for the fluxion 
of y*. | . 

The fluxion of 5“ is 47; for if x=yy, which 
ſquared gives xx=y*, and the fluxion 2x f will be 
equal to the fluxion of 9, by tlie axiom: now the 
fluxion of x is & 2, by Art. 8. and theſe values 
of x, x, wrote into the fluxion 2xx, gives 4%) for 
the fluxion of y*, 

In the ſame manner the fluxion of y* is found to be 
5 y*, by ſuppoſing x=y*, and that of y* is 6jy*, by 
making x: in general the fluxion of any quantity 
*, whole index # is any whole poſitive number, is 
y-, that is equal to the product of the index z mul- 
tiplied by the fluxion » of y, and this product by the 
aan , whoſe index is diminiſhed by unity. 

OR 

11. The fluxion of d is Jz"+nyzz—7, For it 
* =, then xy=52", and the fluxion y -N of xy, 
by Art. q, will be equal to the fluxion yz", by the ax- 
10m; but the fluxion of x=2", is $=nzz">1, by the laſt; 
and the value of x, * wrote into xy +9, gives YZ"+ 
nyzz*—23, for the fluxion of yz" 

Hence the fluxion of _ is —ayy——1, for if 
* -, then xy"=1, whoſe fluxion H“ is 


Do, or divicing by 5, $=—nxy=7; or becauſe 
N= , We got x - . | 
| . 
77 25 * * 


12. The fluxion of 7 is Jy" , För E 7: 


then by raiſing both ſides of the equation to the power 
„ whoſe fluxion is xx! e ,: the firſt 


| fide being divided by , and the ſecond by its e- 


- . -_ 
qual , gives & ten, or becauſe x=yT, we 
hi P21 


2 6 *. 4 a » . 2 
get * mf for the fluxion required, which 
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ur that the fluxion of y" is always nyy*—1, whether the 


index n is a whole or broken rational number, poſitive or 
negative. | 
12 SO 
13. The fluxion of xyz, is found by making «=xy; 
for then uz=xyz, and the fluxion 2 u of uz by 
Art. 9. is equal to the fluxion of xyz, by the axiom ; 
but the fluxion of 4=xy is 4 =xy+xy, and theſe va- 
lues of u and u, being wrote into the fluxion ru, 
gives %yz+x)z +x5% for that required. Or if Hu, 
then the fluxion xyz +xgyz+xy2=4, divided, the firſt 
fide by yz, and the ſecond by its equal u, gives 
. 
- * = 
GC: RN. 


14. The fluxion of a+c2"r is found by ſuppoſing 


* a- cz, whole fluxion is x=ncz2?, and x == 


+cz” railed to the power r—1, and multiplied by 7, 


gives ri YA e . The firſt fide multiplied 
by *, and the ſecond by its equal nc22—", gives 


666 5 xa '—* for the fluxion of x” or of 
its equal a+. 


GENERAL RD LES: 
I. To find the fluxion of a ſingle quantity y", whoſe in- 
dex u is any rational number. 
Multiply that quantity by the index , and change 
one of its dimenſions into tae fluxion g. 


II. To find the fluxion of a binomial a F, whoſe 
index r is any rational number. 

Multiply the fluxion of the binomigl by the index 
„ and this product, by the binomial railed to a 
power whole index is unity, leſs than What of the pro- 
poled one. 

III. To find the fluxion of any produc , of. fevers! 
variable quantities. 

Muitpiy the fluxions *, 5, 2, Of theſe quantities, 

each by the * of the Ry „, K, , _ 
um 
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ſum of all theſe products will be the fluxion re- 


quired, 
EXAMPLES. 


The fluxion of au+bx* + Ar, is 8585 20xX 4+ 


30 +4d3z*, by Rule I. 
The fluxion of 444 17 or aa , is 2x N N 


D | 
aa HN or 278 by Rule II. 


. fluxion of Vax+xx or ax TN UN, is Za + XX 


a + 2X8 
+ xx Mi, or CONES by the ſame Rule. 


And the fluxion of xV Aa ＋ xx, is N ag+xx +ix* 
Xaa+xx|—4, by Rule III. 

In the ſame manner may be found the fluxion of 
any multinomial, by following the ſame ſteps as in 
Art. 14. or that of a multinomial multiplied by any o- 
ther quantity, by art. 13. 


THEOREM. Fig. 4 


15. Whatever the magnitude may be tet has but 
one variable dimenſion, its fiuxion will alma be in the 
compound ratio of the fluxion of the variable dimenſion, 
and of the conjtant dimen/ions. 

This is manifeſt, becauſe the fluxion of ax is ax, 
whatever conſtant dimenſions @ may expreſs, 

Thus if a given line PM, by moving along ano- 
ther line AD, parallel to itſelf, deſcribes a rectangle 
AC; the fluxion of any part ABMP, will be equal 
to the rectangle made by that line and the fluxion of 
the part AP, moved over by the point P. If the 
rectangle AC revolves about the baſe AD as an axis, 
iſo as to deſcribe a cylinder, the fluxion of any part 
deſcribed by the rectangle AM, will be equal to a cy- 
linder whoſe baſe is the circle deſcribed by the given 
line PM, and altitude the fluxion of AP. In the 
{ame manner, the fluxion of the cylindric ſurface, de- 

888 
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fcribed by the variable line BM, will be equal to the 
rectangle made by the circumference deſcribed by the 


radius PM, and the fluxion of the variable line BM, 
or that of its equal AP, 


PROBLEM. Fg. 8. 


16. To find the fluxion of the area AMP, terminated 
by the curve AM, and the ordinate PM, perpendicular 
to the abſciſſa AP. 

Draw AB, of any given length, S, the 72 
BC parallel to AP, and let the ordinate QN, 
produced meet BC in q and p: then if the 3 
mn, be ſuch, that the area QM be equal to the rec- 
tangle made by the ordinate mn and the baſe QP; 
the difference QM between the the areas AMP, ANQ, 
will be to the difference qÞ between the rectangle Ap, 
Aq as mnxQP is to Ppx Q, or as mn is to Pp. 
Now if the ordinate QN moves parallel to itſelf till 
it coincides with PM, it is evident that mn, which is 
always greater than QN, and leſs than PM, will 
likewiſe coincide with PM. The ultimate ratio of 
the area QM, to the rectangle Q p, or the fluxion of 
the area AMP to thę fluxion of the rectangle Ap, is 
therefore as PM to Pp, by Art. 3. But the fluxion of 
the rectangle Ap is equal to the rectangle made by the 
given line Pp and the fluxion of AP, by Art. 15. the 
fluxion of the area AMP, is conſequently equal to the 
rectangle made by the ordinate PM and the fluxion of 
the abſciſſa AP. 


PROBLEM. 

17. To find the fluxion of the ſolid deſcribed by the area 
AMP, about the axis AP. 

If the ordinate mn be ſuch, that the cylinder, whoſe 
baſe is the circle, deſcribed by that ordinate and alti- 
tude the line Q, be equal to the ſolid deſcribed by 
the ſpace QM: then the ſolid d-ſcribed by the ſpace 
QAM will be to the cylinder, deſc: bed by the rectangle 
Qp⸗ about the ſame axis AP, as the circle deſcribed 

g 
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by my is to the circle deſeribed by Pp, and by a ſimi- 
lar argument as in the laſt, the ultimate ratio of the 
folid deſeribed by the ſpace QM, to the cylinder def- 
cribed by the rectangle Ap. or the fluxion of the ſolid 
deſcribed by the area MP. is to the fluxion of the 
cylinder defcribed by the rectangle Ap, as the circle 
deſeribed by the ordinate PM is to the circle deſcrib- 
ed by Pp, But the fluxion of the cylinder is equal to 
the cylinder whoſe baſe is the circle deſcribed by Pp 
and altitude the fluxion of AP, by Art. 1g; the flux. 
ion of the ſolid deſcribed by the arca AMP, about the 
axis AP, is conſequently equal-to the cylinder whoſe 
baſe is the circle deſcribed by the ordinate PM and al- 
titude the fluxion of AP, 


PROBLE M. 


18. Tofind the fluxion of the jolid deſcribed by Pe area 
AMP, about the targent AT as an axis. 

If the ordinate mn be ſuch, that the ſolid"d«{-ribed 
by the ſpace QM be equal to the cylinder whoſe 
furface is that deſcribed by mn, and baſe by Q ?; then 
the folid deſcribed by the ſpace QMis to the folid 
deſcribed by the rectangle os about the ſame axis, 
as the ſur face defcribed by mn is to the furtace deſ- 
cribed by Pp. Therefore, the ultimate ratio of the 
folid deſcribed by the area OM to the ſolid deſcribed 
by the rectangle Q p, or the fluxion of the ſolid deſ- 
cribed by the area AMP, is to the fluxion of the 
cylinder deſcribed by the rectangle Ap; as the fur- 
face deſcribed by the ordinate FM to the ſurface deſ- 
erived by Pp; and ſince the fuxion of the cylinder is 
equal to the ſolid made by the ſurface deſcribed by 
Pp and the fluxion, of AP, by Art. 15, the fluxion 
of the ſolid deſcribed by the area AMP about the 
tangent AT is alſo equal to the ſolid made by the ſur- 
face EYES by the ordinate PM and the fluxion 
of AP, 
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PR OB L E M. Fg. 6. 

19. To find the fluxion of the ſurface deſcribed by the 
arc AM, of a curve about ihe axis AP. 

Draw DM parallel to AP, meeting the tangent at 
A in D, and the ordinate pm produced in n: then if 
0 expreſſes the circumference of a circle deſcribed by 
the point M, and d another ſuch, that the rectang le 
made by it and the chord mM, may be equal to the 
ſurface deſcribed by that chord in the rotation of the 
figure about the axis AP; the cylindric ſurface deſcribed 
by nM will be to the conic ſurface deſcribed by the 
chord mM, as cx M to dxmM: and when Ap be- 
comes AP, the circumference d becomes equal to c, 
and the ultimate ratio of the chord mM, or of the arc 
mM, by Art. 4. to nMͤ, is equal to the ratio of the 
tangent I'M to the ſubtangent TP. Conſequently the 
fluxion of the cylindric ſurface deſcribed by DM is to 
the fluxion of the ſurface deſcribed by the arc AM. 
as X TP to cx I'M, by Art. 3. or as TP to TM; 
that is as the fluxion of the abſciſſa to the fluxion of 
the curve AM, by Cor. 4; and ſince cx TP expreſſes 
the fluxion of the cylindric ſurface, by Art. 15. c 
TM, will conſequensly expreſs the fluxion of the ſur- 
face deſcribed by the arc AM 

Having thus given the fluxions of ſuch magni- 
tudes as moſt commonly occur, we ſhall now inveſti- 
gate ſome others no leſs uſeſul than the former. 


T HE OR E M. Fi. 7, 8. 


20. If in the tangent at M of a curve AM, the part 
MT, be taken for the fiuxion of the arc AM, and a line 
OM te drawn from a given point O in the axis AP thro* 
the point M, the perpendicular IR to that line, will de- 
termine its fluxion MR. 

Draw the ordinate PM, and TV, MEI to 
It, draw likewite, Vr perpendicular to TR, and Vn 
ox, PM=y, OM x, then will MV 


19 | | =) 


14 The Fir sT PRIxNeipLES Sect. J. 
D, TV &, by Art. 4. and by the fimilarity of the 
triangles OPM, Vn M, we have OM (z): PM(5{(:: 
M VCH) nM. or zxnM=5y; by the ſimilarity of the 
triangles OPM, ViT, OM(z): OP(x) ::TV (ﬆ%): Vr, 
or z Xx Vr=xx; and ſince Vr MMR, we bave 
zx MR =xx+ yy; but the right angled triangle O PM, 
gives ZZ=xx+yy, whoſe fluxion is 2Z=xx-y), ac- 
cording as y increaſes or decreaſes, while x increaſes, 
and therefore zx MR =zz, or MRS S. 


TAHAEORESNM. 

21. The fluxion of the ſector OMA, is equal to 
zO0Mx TR. | 

The ſimilar triangles OPM, VrT, give zx Tr= 
M, and the ſimilar triangles OPM, VoM, zx Vn= 
xj; and ſince Vn Tr I R, we get x * TR =»yE x5; 
now becauſe yx is the fluxion of the ſegment AMP, 
by Art. 16. and 2% FI, that of the triangle OPM= 
29, by Art. g. the ſum or difference gives {xy * y; 
or its equal OM x TR, tor the fluxion of the ſector 

OR. 


22. It is manifeſt that TR expreſſes the fluxion of 
the circular arc deſcribed from the center O with the 
radius OM, and whoſe fine is PM. For if z be ſup- 
poſed conſtant, the fluxion of zz=53y+xx, will be 
v+x;=0, and writing the value of & into 2x TR 
Y y, we get zxX TR=yXyy+xx, or becauſe zz= 
y+xx, xXx TR= Y; and ſince the coſine OP (x) is 
to the radius QM (z) as MV to MT, or as the fluxion 
5 of the ordinate PM is to the fluxion TR of the arc, 
by Art. 45 No. 2. | 
CO. 

23. Hence, by drawing the chord AM, and pro- 
ducing the tangent MT), ſo as to meet the axis in Q; 
if PQ=x, and PM =; the fluxion of the triangle 
OAM, will be AO x PM, and that of the = 
| DEI 0 
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OMA is OPMFQPM, or OC PM. Conſe- 

quently the fluxion of the triangle OAM is to the 

fluxion of the ſector OMA, as OA is to OQ; and 

the fluxion of the triangle OMA is to the fluxion of 

the ſegment AMA, as OA to OA—OU or AQ. 
OR. Hg. 9. 

24. If from any other point C in the axis OA, a 
line CM be drawn to the fame point M, and from 
the ſame point J in the tangent at M, the lines TR, 
TS, perpendicular to OM and CM, will expreſs the 
fluxions of the circular arcs deſcribed from centers Q, 
C, thro? the point M, and whole fines is PM, by Art. 
22, and MR, MS, are the fluxions of the lines OM, 
CM, by Art. 20, when MT expreſles the fluxion of 
curve AM- 
COR. Fig. 10. 


25. Laſily, If from any given point O, in the axis 
OA, a line be drawn meeting the lines AM, BN, in 
M and N, and if in the tangents at M, N, the parts 
MT, NV, are taken for the fluxions of AM, BN, the 
perpendiculars TR, VX, to ON, will be proportional 
to the radii OM, ON; ſince they expreſs the fluxions 
of ſimilar circular ares by Art. 22; and confequently 
the fluxions of the ſpaces OA M, OBN, are as the 
ſquares of the lines OM, ON, by Art. 21. 


¶ various Orders of Fluxions. 


When fluents are not augmented by any uniform 
velocity, it is convenient in many problems to confi- 
der how theſe velocities vary. The rate of this varia- 
tion is called the fluxion of fluxion, or the ſecond 
fluxion of the fluent. Theſe ſecond flux ions may al- 
ſo vary in different magnitudes of the fluent, and the 
rates of theſe variations is called the third fluxion. 
This may continue to as many ſubordinate degrees of 
fluxions, as the fluent admits of variations. 

To give a clear and diſtinct notion of the different 

degrees 


WIDEST \ 
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degrees of fluxions, it mutt be obferved, that the 
fluxions of a curve, abſciſſa and ordinate, may be ex- 
pteſſed by the three ſides of a triangle formed by the 
tangent, ſubtangent and ordinate, by Art. 4. and fince 
the ſides of this triangle may vary in different points 
of the curve; the rates or theſe variations are called the 
ſecond fluxions; and as theſe variations may likewiſe 
be expreſſed by the ſides of another triangle, the 
fluxions of its ſides are called the third fluxions. 

As one ſide of a triangle may be conſtant, without 
changing the rate of variation; ſo one of the fluxions 
may be ſuppoſed conſtant, while the others vary; the 
ratio of any two may likewiſe be ſuppoſed given, pro- 
vided regard is had of this ſuppoſition in future opera- 
tions. 

The firſt fAluxions, algebraically expreſſed, being 
marked with a point, the ſecond and third are ſikewiſe 
marked by two and three points. Thus the firſt 
fluxions of x, y, &, being marked thus, &, y, 2; the ſe- 


cond are x, y, 2; and the third x, y, 2. 

The ſecond and third flux ions are found in the ſame 
manner as the firſt, by conſidering the former as va- 
riable magnitudes; thus, if x=y-, denotes the equa- 
tion of a curve, then will x=1yy*—2, and if y be ſup- 


poſed conſtant, then will. * N= 19 1 and x=11X 
1 NA 2 *. 

From whence, if the index u is any whole poſitive 
number, x will have as many ſubordinate fluxions as 
are units in z, and no more. For when z=1; chen 


*) and x ge; when n=2, K 2), x=25* and & e, 


and when #=gz; $=353y*z R and x 
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s E CTI ON. II. 


The MET HOD of finding the greateſt and leaſt values 
of variable WAY TITIES or MAGNIH UDES. 


PROBLEM. Plate It. Fig. 11, 12, 13, 14. 


26. \O find the greateſt and leaſt values of a vari- 
able quantity or magnitude. 
Let the ordinate PM of a curve ME, be expreſſed 
by powers of the abſciſſa AP and conſtant quanti- 
ties: it is evident, that when that ordinate becomes 
either the greatelt or Jealt DE; the ſubtangent TP, 
becomes infinite or nothing in that caſe, fince the tan- 
geat TM becomes parallel to the axis AP, in the firſt 
caſe, and coincides. with the ordinate DE, in the ſe- 
cond ; the fluxion of the ordinate becomes therefore o in 
the firſt caſe and that of the abſciſſa in the ſecond. 
From whence follows this general 


i K UK. 
Make the fluxion of the expreſſion or ordinate equal to 
0; then the value found of the abſciſſa or variable Na- 


FE: tity will determine tbe value ſought. 


As the value of the yariable quantity thus found, 
may give either the greateſt or the leaſt quantity, it is 
neceflary to obſerve, that if any other value of the va- 
riable quantity be taken, and the quantity be always 
leſs than that found, it will be the greateſt, or if they 
are always greater, the leaſt of all. | 


EXAMPLE. 
27. Let yy=2ax—xx, be the equation of the curve, 
AP=x and PM==y; then 0==24X—2XX or x a; this 
value wrote into the. equation gives Naa or 8 


and 9 is the greateſt ordinacę: for when x is either 


or a, y becomes o. 
N. B. Obſerve that n is either the greateſt or 


ducts 


18 The Method of finding the greateſt and leaft Sect. II. 


ducts of y and conſtant quantities, are likewiſe the 
greateſt or leaſt, as may be eaſily proved. 


PROBLEM. 
28. To divide a given line a into two ſuch parts x, y, 
that xy" ſhall be the greateſt of all the like produfts. 
The fluxion ] - - νν . divided by xy", 


and made equal to o gives 5 or my% + nx3==0: 


but ar , by ſuppoſition, and therefore & No, 
or —x==2 ; hence myx + nxy==0, gives my A. Which 
ſhews, that if the given line be divided into two parts 
proportional to the indices m, n, the product xy", will 
be the greateſt of all. 

For ſince y=a—x, the product x*y" becomes x" x 
4 — 9 now when x is either oor =a, that expreſſion 
'vaniſhes or is Se; the value found is therefore the 


greateſt, 


Becauſe men and y=a—x, we get ma—mx=1x, 


or ——=x : now if n be negative and leſs than ; 


then —— =x, and ſince m is greater than m-, x 


m- 
muſt be greater than a; and this cannot be unleſs we 
ſuppoley=a+x, which makes xy, or its equal x" x 
& 4 , to be the leaſt of all, when my nx, becauſe 
if «a, or x infinite, the expreſſion is infinite. 


PROBLEM. 

29. To divide a given line a into three parts x, y, %, 
ſuch that the produtt x"y"z ſhall be the greateſt of all. 
It is evident, that when & is conſtant, and xy" the 

reateſt, the product xyz will alſo be the greateſt ; 
Fad when x is conſtant, and , the greateſt, the pro- 
duct x"y"z”, will be likewiſe the greateſt ; but when * 
is conſtant we get Y x, by the laſt, and when 2 is 
conſtant . From theſe two equalities we get m: 
8 | | * . 
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K: y: r: z; which ſhews that if the line a be divided 
into three parts proportional to the indices m, u, r; the 
product above will be the greateſt of all. For y=8a 
—x—2, by ſuppoſition, the product x*y*%", or its equal 
x C - - D“ becomes Se, when x is either o or 


Sa-; this product is conſequently the greateſt of 


all, when ry N and my=nx, 

It may be proved in the ſame manner, that if a line 
be divided into ever ſo many parts proportional to the 
indices of the powers, then the product of theſe powers 
will be the greateſt of all. Thus the ſquare of half a 
line is greater than any rectangle that can be made by 
any two unequal parts, and the cube of one third of a 
line greater than the parallelepiped of any three other 

ts. 

N. B. When the variable quantity contained in the 
equation found by making the fluxion of the expreſ- 
ſion equal to o, has ſeveral poſitive values, the queſ- 
tion contains more than one greateſt or leaſt, and the 
are alternately the greateſt and leaſt : that is, if the 
firſt is a greateſt, the ſecond will be the leaſt, and the 
third the greateſt, and ſo on; or if the firſt is the leaſt, 
the ſecond will be the greateſt : but the leaſt between 


the two greateſt may ſometimes be o, and the greateſt 
between two leaſt infinite. | 


THEOREM. Fig. 15. 


30. Of all the triangles which have equal baſes and 
equal angles at the vertex, the iſoceles contains the great- 
eſt area. | 

Upon the given baſe AC as a chord, deſcribe the 
arc ABC of a circle, ſo as to contain the given angle : 
then becauſe the line BE, which biſects the chord AC 
at rightangles, paſſes thro? the center of the circle, 
and is therefore the greateſt that can be drawn from 
any point in the arc ABC, by the property of the 
circle; and triangles which have equal bales are as 
| their altitudes; the iſoceles triangle ABC is greater 
| than any other triangle of the ſame baſe, and the ſame 
| angle at the vertex. C 2 


31. Hence, 
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Hence, of all rectilineal figures, terminated 
by oe ſame number of equal ſides, that which is in- 
ſeribed in a circle contains the greateſt area. For if 
the radii ate drawn to all the angles, it will be divid- 
ed into as many iſoceles triangles as there are ſides, 
and each of which being greater than any other of 
the ſame baſe and angle at the vertex; their ſum or 
the whole figure inſcribed in acircle with conſequently 
be greater than any other * the lame number of e- 
qual RRC ; 

c 0 R. 

FR It is manifeſt, that of all figures whatever, 
which have the ſame boundary, the circle is che great- 
eſt, and of all equal figures, the circle has the leaſt 
boundary. For ſince circles are always greater than 

any inſcribed figure, and the inſcribed figures being 
greater than any other of the ſame boundary; the 
circle, ill be greater than any other figure of the ſame 
boundary, or of all oqual ona has the leaſt boun- 


dary. 
PROBLEM. Hes 505 
3 31 Let a ſquared timber BD, placed berizontath, be 
ſupported Ya prop at one end D, and by a ſtrut" AB on 
_ the other B; 10 find the'paſition: of the brace AC, of a 
given length, fo as to A on: timber 1 in the beſs 
manner paſſible. 4 
Diaw AF nerpendicular to BD and BE to AC: 
then from a known principle in mechanics, if AC ex- 
preſſes the force with which the timber BD is ſup- 
ported: in a perpendicular direction, AF. will exprels 
the force by which it is ſupported in this oblique di- 
rection; therefore the rectangle made by that force 
and the diſtance BC of the point C from the point 
fixed B, expreſſes che momentum of that force, which 
ſhoutd, be the greateſt poſſible. Now the rightangled 


Rd. as — I" F uy EP == "I 2 ts 3 


ſimilar triangles AEC, BC, give AC: AF:: BC: , t 
BE, or AF BC ACX BE: whence the momentum MF 2 


ot this JorgR.; 1s Proportional t to che area of ** g = 
Pa gh 15 ABC, BB 


£5 1 N 
a * | - 1 
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1 
* 
* 
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ABC, whoſe baſe is given as well as the angle B at 

the vertex ; which is the greateſt, when AB=BC, by 

Art. _ 
COR. Fig. 17. 

34. If the ſquared timber BD be fixed at one end 
B, and ſupported by a prop AC, of a given length, it 
is plain that when AC makes equal angles with the 
timber AD, and the line BA, it will ſupport the tim- 
ber AD in the beſt manner. For if BE be perpendi- 
cular to AC, the product BEX AC, expreſſes the mo- 
mentum of the force with which the prop ſupports 
the timber, which is the greateſt poſſible when BA 
Boy by Art. 30. 

G0: 
35. Since the length of the prop AC, has been 
taken at pleaſure, in the two laſt articles, it may have 
ons more advantageous than any other, which is, 
when it ſupports the timber in the middle, ſuppoſing 
the timber fixed at bath ends. | 


PROBRLE M. Fig. 18. 
36. To find the beſt angle of a roof in reſpef to the 
ſtrength of the principal rafters AD, BD. 

Let DC be perpendicular to AB, and AE to BD 
produced : 1 25 as the ſtrength of the rafters decreaſes 
as their length increaſes, and their weights increaſes 
as their length increaſes, their ſtrength decreaſes like- 
wiſe on that account; that is, the ſtrength of raf- 
ters decreaſes in a duplicate ratio, to that of their 
length. Now as the abſolute force of the rafter AD, 
is to that part by which it acts in the oblique direc- 
tion, as AD is to AE, the momentum of the ſtrength 
of the rafter AD is therefore as AE directly, and the 
ſquare of AD or BD inverſely. 

By the ſimilarity of the triangles AEB, DCB, we 
have BD: BC: : BA: BE; and fince BC as well BA, 
are given, BE is as BD inverſely : whence AEXBE>*, 
muſt be the greateſt poſſible. If AB=a, AF=x; then 


C 3 will 
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will BE“ a -x, and aax—x*, the greateſt, whoſe 
fluxion made S, gives aa = gx. For when x a or 
==0, the expreſſion becomes . By the ſimilarity of 
triangles we get CD*=7 aa, and by extracting the 
ſquare root CD ya nearly. This anſwers nearly 
the practical rule uſed by carpenters, of making the 
height CD one-third of the baſe AB. 


PROBLEM. Eg. 19. 


37. To find a point D, within a given triangle, ſuch 
that the ſum of the lines drawn from this point to the three 
angles, may be the leaſt poſſible. 

Suppoſe one of theſe lines AD, as invariable, from 
the center A with the radius AD deſcribe an arc of a 
circle, and from any point a in the tangent at D, 
draw a b perpendicular to BD and ac to CD produ- 
ced: then will Db, be the fluxion of DB, and Dc, 
that of CD, by Art. 24: and fince the ſum of theſe 
lines is given their fluxions muſt be equal, and as Da 
is common to the right-angled triangles Dca, Dba, 
they are equal in all reſpects: whence by adding the 
angle aDb to the right angle ADa, we get the angle 
ADB, and by adding aDc or its equal dDC to the 
right angle ADd, we get the angle ADC equal to 
ADB. It may be proved in the ſame manner, by 
ſuppoſing CD conſtant, that the angles CDA, CDB, 


are equal conſequently, when the three angles at the 


point D, are equal, the ſum of the three lines AD, BD, 
CD, will be the leaſt poſſible, 


PROBLEM, Fi. 20. 


38. To find a point within a quadrilateral ABCD, 
ſo that the ſum of the four lines drawn from it to the 
angles, ſhall be the leaſt poſſible. 5 


Ihube interſection E of the two diagonals AC, BD 


will be the point required. For it from any other 


point F, lines are drawn to the oppoſite angles A, C, 


the 


F 
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the ſum of the lines AF, CF, will always be greater 
than the diagonal AC: and for the ſame reaſon, the 
ſum of the lines drawn from the point F to the oppo- 
ſite angles B, D, will always be greater than the di- 
agonal BD, the interſection E of the diagonals is 
therefore the point required. 

What has been ſaid on this ſubject in our elements 
of mathematics, and here together, with what will be 
ſaid more hereafter, will ſufficiently explain this very 
uſeful method, in all mechanical ſubjects. 


SECTION III. 


Of the RADIT of CURY ATURE. 


"HEN a circle touches a curve ſo as to have 
the ſame fluxion in that point, the radius of this 
circle is called the Radius of Curvature in that point. 


PROBLEM. Fg. 21. 


39. To find the radius of curvature DM, by means 
of the lines drawn from the given point C. 

From any point T in the tangent at M, and the 
extremity D of the radius of curvature, draw TR and 
DE, perpendicular to CM, and from the point C, the 
line CS to MT: let DM=r, CM=y, CS=s, and 
MT=s, MR=y, TR =x; then the angular motion of 
the ſides DM, MS, of the right angle DMS, at M, 
being always equal; the radius DM will be to the 
radius MS, as the fluxion 2 of the circular arc deſ- 
cribed by the point M is the fluxion ; of the circular 
arc deſcribed by the point S in the ſame time; that is 
DM: MS:: 2: 5; and the ſimilar triangles TRM. 

CSM, give MS: CM:: MR( ): TM(z); the com- 
pound of theſe two proportions give r:y::5:5, or 


YU. But CMO): CS(s):: DM E= By 


writing the value of r, in r 5=y7, into that of ME, we 
get ix ME ＋⁴ C 4 E X- 
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E X AMP I. L. E. Fg. 22. 


40. Let AM be a common parabola, A its vertex, 
and C the focus; then by the property of that curve, 
the tangent at M meets the tangent at A, in the ſame 
point S, as the perpendicular drawn from the focus to 
the tangent MS; the right angled triangles CAS, 
CSM, are therctors ſimilar; 1547 is, it CA=a, we get 
a:$::8:y, or ay gs, whole. fluxion is a)=2 55, and as 
Y, we get ar =25y. 


CONSTRUCTION. 


Draw ME. parallel to the axis AC, and equal to 
twice CM ; then the perperdicular ED to ME deter- 
mines the radius required. For the ſimilar triangles 
SAC, DEM, give AC (a): CS (s) :: ME (25): MD 
(H) or &7=25y. 

When the point M coincides with the vertex A of 
the axis, it is plain that CM, CS become equal to CA, 
that is Sg y ga, ſo then ar 29. gives 14. which 
{}:ews that the radius of curvature is equal to half the 
parameter of the axis at the vertex. 


EX AM PL E. Fig. 23. 

41. Let AM be an ellipſis or hyperbola, C the 
center and Nn the conjugate to the diameter Mm : if 
CN=x, a, b, half the firſt and ſecond axis, then will 
16 ab, by the properties of theſe curves, whoſe flux- 
jon iS—$4=14535;: and ſince the ſum or difference be- 
tween the ſquares of any two conjugate diameters is al- 
ways conſtant, tliat is y uu is conſtant, we FYY=un, 
the compound of this and—s4=4 5 gives FI =uusS; 
this and 5X ME=5, by Art. 39. 2 ** ME=+ 
ug. 

Cones FOEIE T0: 


In CM take ME, towards the center in the ellipſis 
or from the center in the hyperbola, ſo that = CM : 
CN:ME, then ED perpendicular to ME, will deter- 
mine the radius required. 1 l When 


4 


D the Radii of Curvature: 25 
Wen the point; M (coincides: with the vertex; A or 


B,. the radius of curvature becomes equal to the para» 
meter of half the firſt or ſecond axis. 


012590104 4 QUT HE RWI GS E. } 
42: Becnuſe ! by Art. 39, and us= ab, by the 


a 
property of the curve, or S —, whoſe fluxion is— 5= 


2 this and 7 i= y gives =); but yeni, 


therefore rab kes by ſubſtitution. Now if MD 
interſects the firſt axis AC, in K and MK =c; then 
will ac gu, by the nature of the curve. Hence rab 
+4* becomes rh =aac?, or if ap—=bb, we get pp 
c*, Conſequently the radius MD, is a fourth conti- 
nued proportional to the parameter of halt the firſt 
axis 'AC, and to the perpendicular MK. N 

No. 2. Since (Fig. 21) TM.: TR (8): :CM (5): 

CS(s) or Sr, and if we ſuppoſe the point C to re- 
move at an infinite diſtance from the point M, ſo that 
the ordinates CM may become parallel and equal, then 
y being infinite, may be conſidered as conſtant the 
the fluxion of gs = N, compared with r 5$=yy, gives 


K , or D N according as & or x 1s conſtant, 
for the equations, when the ordinates are parallel. 
There are different ways of finding the radii of cur- 
vatures, but none more eaſy and ſo ſhort as this, nor 
that leads more directly to the application; the many 
examples of curves that may be deſcribed, and the 
finding the nature of the curve which 1s continually 
touched by the radii of curvature, are no more than a 
uſeleſs ſpeculation 3 we ſhall therefore take no notice 
of them | here,. excepting the following one uſeful i in 
the theory of pendulums. a gek 


DEFINITION. Fig. 24. Plate III. 


ib a ſemi- circle ANR, rolls upon a right line ao, 
| tne. 


o 


26 Of the Radii of Curvature; Sec. III. 
the curve AMD deſcribed by the point A in the cir. 
cumference, is called a Cycloid., © 


43: Hence, when the deſcribing point A, arrives to 
any other point M; the chord ML, drawn from the 
point M to the point of contact L, will from the na- 
ture of the deſcription be perpendicular to the tangent 
TM of the curve at M, and this tangent will be the 
chord of the complement of LM to the ſemi- circle. 
It appeacs alſo that the baſe BD is equal to the ſemi- 
circumference ANB of the generating circle, the part 
BL to the arc TM, and the part LD to the arc ML. 


PROBLEM. 


44. To find thelength of any arc AM of the cycloid. 

Draw PM perpendicular to the diameter TL, which 
itſelf is perpendicular to the baſe BD, and call LT or 
AB, a, TP=x, the chord TM v, and the arc AM 
z: then becauſe TP: TM or TM (v): LT (a): :*:5, 
by Art. 4. we have vz ga; and ſince LT (a): TM 
(v)::TM(%):TP (x) or ax vv, by the ſimilarity of 
triangles, whoſe fluxion is ax=2vv, whence (ax =) 
VZ=2VvV, or Z=2%V: and as the fluxion 2 of the arc 
is always double the fluxion v of the chord TM; the 
arc AM will likewiſe be double the chord TM, by 
Art. 7. the whole curve AMD is therefore double the 
diameter AB of the generating circle. 


PROBLEM, 

45. To find the radius of curvature CM at any given 
Point in the cycloid. 
In the baſe BD, take bL=z for the fluxion of BL 
or its equal the arc TM, and draw ba perpendicular 
to CM: then the ſimilar triangles TLM, bLa, give 
TL: LM:: bL (): ba: but the radius TL is to the 
fine LM of the angle LIM, as the fluxion y of the 
arc is to the fluxion Þ of the coſine TM, by Art. 4. 
No. 2: Hence y: ba: : 5 :v==ba, by equality of 1 — 

ow 
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No the radius CL is to the radius CM as the flu- 
xion ba (v) of the circular arc deſcribed by the firſt, is 
to the fluxion æ deſcribed by the ſecond, by Art. 25. 
and ſince 2=2v, by the laſt we get CL: CM::9: 29, 
or 2CL=CM, and CL=LM, and at the vertex A, 


the radius of curvature is equal to twice the diameter 
of the generating circle. 


THEORE M: 


46. The curve mCD which the radi: of curvature 
continually touch, is another cycloid equal to the firſt, but 
reverſed. 

If Dn be perpendicular to BD, and equal to AB, 
and nm equal and parallel to DB, then if the ſemi- 
circle Dkn deſcribed with the diameter nD, rolls upon 
the baſe nm, the point D will deſcribe the curve re- 
quired. For if the chord Dk be drawn parallel to 
MC, and Ck joined; then the parallel chords ML, 
Dk, in equal circles are equal, and fince ML is equal 
to LC, by the laſt, CD is a parallelogram, and fo 
Ck is parallel and equal to LD. But MC is double 
the chord ML, or equal to the arc DC of the curve, 
it is therefore equal to the arc AM, by Art. 44; and 
for the ſame reaſon the arcs DM, mC are equal, and 
the whole cycloid AMD to the whole cycloid DCm. 


SECTION IV, 
Of FLUENTS. 
HE method of finding fluents, is the inverſeof that 
of finding fluxions. For the fluent of 7 is , 
that of ner -i AT-, is a+; and that of 
Iz Ty is yz;z for theſe fluents are the very ſame as 
thoſe propoſed in Art. 9, 10, 14. From whence we 


deduce the following 
R U IL. E I. 


47. To find the fluent of a ſingle quantity M, raiſed to 
any power, Change 


28 The Metbod ot Anding Flututs. Sect. IV. 


Change the fluxion into a aN ond divide by 
the adex n+1 thus e dane | 


Th - 
1 25 01 


3 No R U L E75 po 
48. To find the fuent of a binomial 22 — NP 
whoſe fluxion is in a conſtant ratio to that which multiple 
the bincmial 
Increaſe the index r of the binomial by unity, and 
divide by the product of the index ihus increaſed and 
the fluxion of the binomial, | | 


\ 


EX AMP L E S. 


49. The fluent of c Iz“, is ax 
the ＋ c= Tad, by the firſt rule. 

The fluent of a dl d , is found by adding 

unity to the index +, Which gives 2, or 2, this 
multiplied by the fluxion 2x of the binomial and 
divided by the product 3xx, gives A 
for the fluent required by rule the ſecond. 
If xv aa+xx})-+; then unity added to the index — 
gives 1— or +, this multiplied by 2xx the fluxion of 
the binomial . and the fluxion x A 
divided by the product xx gives aa, or V aa xx 
for the fluent required. | 

N. B. When a fluent has a conſtant term, it is ge- 
nerally incompleat, becauſe the conſtant terms vaniſh 
in the fluxion, but may be compleated; for if the 
fluent ſhould become o, when the variable quantity is 
of a certain value, what remains in this caſe, muſt be 
added with a contrary fign. Thus if v/ aa—Xx, 
ſhould become 0, when X=0z3 then becauſe when s. 
there remains ad or a: we get 4 aa—xx—a for the 
compleat fluent. But if 4 aa—xx ſhould vaniſh 
when *, it requires no > addition. 
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<a Ha PROBLEM. "Fe. 25. 1 


151 911 
30. To expreſs the circular arc AM by the radius A 
(r) and the tangent AT, (2). 
The ſquare rr +zz- of CT, being to the ſquare rr of 
the radius CM, by Art. 25, as the Huxion az of the 


triangle CAT, to the fluxion «= of the Nor 
CAM, which divided by 2 gives — — for the flu- 


xion of the are AM, by Art. 1. "Now this flyxion 
reduced to an infinite ſeries by a continual diviſion, 
fuppoling r=1, gives Z—22* +22*—22* +, &c. 
whoſe fluent; by the firſt rule, is :— 2 +425 7 


＋ 42 , &. Or if A=z, BA, CEB, B 


WC, Kc. This fluent becomes A—+B+;C- D 
E —, ee 

As this ſeries converges but very flowly unleſr 2 8 
very ſmall, we ſhall give the following 


L E M M A. Fig. 26- 

51. The tangents AT=a, and AB , of any 5 arcs 
AF, AM, being given, to find the tangent FG=t, of heir 
difference FM. 

Draw GD perpendicular to CA, interſeting CB in 
in E, make CA=1, and CB=x: then the ſimilar 
triangles CAB, GFE, give CA: AB:: GF: EF g=, 


or, CE=1—4:,. and CA: B:: GF: GE ix, and by 
the parallels GD, TA, we have CE: CB: : GE. IB. 


that is, 1— 37:1: tx: a—b, or txx=a—bX1—bt, or 
becauſe ** 1 we get tra -- ab. ＋ It. 


= 


and herefore [== by redulkian. 


a—b 

1 Fab * 
SPB: Fig. 27. | 

52, 8 if from any arc AE, another arc AB 
be taken as often as can he done, and the point F oe 
neareſt ro the point E; by calling AE=4,AB= 7 

E. 
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30 The Met bad of finding Fluents. Sect. IV. 
BEC, CE- D, DEE, FE F, and their reſpec- 
tive tangents, a, òö, c, d, e; and ſuppoſing a=1, r, 
the other tangents are as follows, * 

| A—B=C, CRJs 4 


SST Es. E.. 
Nov, if the three firſt equalities of the arcs are ad- 
ded together, then will A- 3B E, and this equality 
ſubtracted from the fourth, gives 4B—F=A; that 
is, four times the arc B, whoſe tangent is +, leſs the 
arc F whoſe tangent is v, is equal to an arc of 45 
degrees. 

In the ſame manner other tangents may be found, 
ſo as their ſums or difference ſhall be equal to a given 
arc. Thus if ci, d ; then will 2D+;5C=45 
degrees, or if a3, and 3, then 3A+ 
2B 30 degrees. iy 


EXAMPLE. 


53. Let zu, then by reducing the ſeries A—* 
BEC DF, &c. into decimals, and ſetting all 
the terms of the ſame ſign under each other, we get, 


_ +0.00418,41004,18410,04184,101=A. 
256, 47231, 4422 C: 


42. 


© 


— 


* 


: +0.00418,41604,18665,51415,574. i 


—0.00000,00244,16591 78 708, 380 B. 
320, 71322 D: 


— * 


——0.00000,00244, 1 659 1,79029,093. 


Hence we get 0.00418,40760,02074,72 386,4c4 
= the arc F. ER 
And 
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And if we ſuppoſe x . 23 the ſeries above gives 


o. 20006, 40668, 888 88,88888, 889 A ＋ C. 
| 63015, 38461,538=ZE. 
7710117, 647218. 
13, 422 22 ½ fL. 
_ 18=4,N: 


+0.20006,40569,51981,47467,952. : 


——0,00266, 66666, 66666, 66666, 666 2 B. 
18283, 7 1428, 7142,87 2 D. 
18,618 16,18 181,818 r F. 
2184, 3333 3,333 πσ＋ H. 
2,7594, 53 = K. 
364, 22 2 7 M. 
498 2 O0: 


0. 00266, 84971, o2 100, 71630, 947. | 

_ 0.19739,55598,49880,75837,005=to the 
arc D, 

Now becauſe four times the arc B, leſs the arc F, is 
equal to 45 degrees, 16 times the arc B leſs 4 times 
the arc F, will be equal to half the circumference, 
which therefore is 3.14159,26535,89793,2 3846, 264, 
true in all its places. 

C OR. 
54. Since unity is to 3.14159, &c. as the radius 

a of any circle is to @X 3.14159 the ſemi-circumfe- 

rence of that radius; and if D expreſſes any number 

of degrees of that circle; then 180 degrees will be to 

D degrees as the ſemi-circumference aX 3.14159 is 

to. 01743329 * 4D, that arc expreſſed by parts of the 

radius. Conſequently the number of degrees being 
given, the arc itſelf is given. 
C O R. 
55, If the diameter of a circle be y, to find its cir- 
cumference, ſay, 1 is to 3.14159 as 7 is to 21.99, or 
| 22 
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32 Tur Method of finding Flututs,,* Set. IV. 
aa nearly, Which is Archimedes's proportion; or if 
2 be 113. then its circumference will be 
354-99967 or 355 exceeding near; which is that of 
Snellius. | 


7 bp ROB L E M. Fig. 28. 


56. 7 find the: area of an equilateral hyperbolic ſpace 
BCMP, - terminated by 4 e to the aymp- 
tote-AP. 3 


Let Abi BC=a, and BP=s, en vill PMS | 


6 ˙ 2K * 


. by the nature of the curve, aud 11 tbe flu. 


1 
xion of the ſpace BM, by Art. 16. which being re- 


duced into an, infinite ſeries by a contiriual diviſion, 
and the fluent found by Art. 47, gives ax by x- 
+38 — L =", &c. 


But if -Bp= x, then will pm= —, and == the 
. A—_— = 


fluxion of the ſpace 12 whoſe fluent being found as 
before is -ax by x +3x* T +18 +, 5 


44 Nö aue 0; 0 Rs u N 83 Las”. 
: 37 5 0 Si tice LY” che fluxion of the te hyperbolic pace 


0&3 ie 


BM or of the _—_— AP, and -< $064 < that of Ap, by 


the nature of the curve; it is Manke that the flu- 
xion ot the logarithm of any number, is equal to the 
fuxion of that e died, Phe Ve! lame: A 

Sr. 111 «6442 2381879 | $:413 1 ſ 
0 24 liz 230 7 0 3 

58, F rom ph nature of logarichms, . difference 
between the logarichms a X by x * , &c. 
and —a X. by x+3x* u +, &c. which is, 2450 by 
x +3x* +3x* E +, &c. will be that of their quo- 
tient 1 Or if 1 f, B=xxA, . C=xxB, D= 


*xC, and fo on, this differeacs will be 2ax x by 
Aren &c. E X- 


1 


Lg yy £A,. 


being wrote into the laſt ſeries, when reduced into de- 


ial; gives 
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EXAMPLE E. 


Let — then will x=+, and this value of x, 
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I.00000,00000 | 
3703,70370 4 
2460,91358 1 
19,9632 Wh 
Mid} i 
15396 1 
1447 1 
139 by 
15 14 
1.03972, 07708 ; 1 
This multiplied by 2ax or D gives a . 69314, 9 | 
71805, for the logarithm of 2. | 
EXAMPLE. 177 
I -X 3 : * 
Let 2 == z then will x =, and this value 6 


wrote into the ſeries gives 


I.00000,00000 
411,52203 
3:04832 

2088 

26 


1.00414, 9809 


* 


This multiplied by 2 or 5 „gives a X. 22314, 


35513 for the logarithm of +. And as this number 
multiplied by 4 gives 5, by adding twice the loga- 
rithm of 2, we get a X by 1.60943,79124, for the lo- 

D garithm 
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garithm of 5 : and if the logarithm of 2 be added to 
that of , we ſhall have a x by 2.30258, 509 29 for 
the logarithm of 10. 5 wo 

eV 2 C OR. 

59. It is plain, that there may be as many ſorts of 
logarithms as there are different values taken for a; 
when a=1, they are called hyperbolic. When any 
particular ſyſtem of logarithms is given, the value of 
a may be found; thus in the common tables the lo. 
garithm of 10 is unity of 100 or 1000; its is 2 or 
3: we have then no more to do than to make the lo- 
garithm of 10 found above equal to unity, or todivide 


unity by 2.3025, &c. which gives.43429,4482 for the 
value of a in that ſyſtem, 


PR O B L E M. Hg. 29. 


60. To expreſs the area of the hyperbolic ſectar CAM, 
by parts of the tangent At. 

Let CN be an aſymptote, and CM interſe& the 
tangent AT at A in t. If CA=a, AT=6, and 
At gz; then the ſquare of Ct is to the ſquare of CM 
as the fluxion as of the triangle CAt is to the fluxion 
of the ſector CAM, by Art. 25; but, by the nature 
of the hy bei bola, the ſquare of Ct is to the ſquare of 
CM, as the difference 2 , between the ſquares of 
the tangents AT and At, to the ſquare 30 of AT: 

abbz. 
200 —2.22Z 


xion of the ſector CAM, whoſe fluent is the hyper- 

b+2 i 

—— multiplied by 2 45. For 

the fluxion of the logarithm 3 is Fort by Art. 57, 
2 b+Z 


= to the flu. 


therefore þþ— 2: U:: 4 as: 


bolic logarithm of 


and that of Þ—z, =, by the ſame: This laſt ſub- 


2 


tracted from the firſt, gives. — „which multiplied 


DU — 2 


by 1ab, gives the fluxion propoſed. 
EX. 


5 
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EXAMPLE. 


Let Y ;; then — 3, whoſe tabular loga- 


rithm is .4771213, which multiplied by 2.302535, 
Art. 58, gives 1.0986123, for the hyperbolic loga- 
rithm of that number; and this multiplied by + a 5, 
gives . 274653 & ab, for the area of the ſector CAM. 


PR OB L E M. 


61. To expreſs the ſams area CAM, by parts of the 
ordinate PM to the firſt axis CA. 

Let the ordinate PM produced, meet the aſymptote 
in N, and the tangent at M, the axis in V; if PM 
=y and the reſt as before, then CA will be to CV 
as the fluxion Tay of the triangle CAM, is to the 
fluxion of the ſector CAM, by Art. 23, but CP: CA 
: CA: CV, by the property of the curve, as alſo CP: 
Ca:: PN: AT; and the difference between the ſquares 
of PN, and PM, is equal to the ſquare of AT, or 


bb+yy=PN*; therefore by equality of ratios 


aby 


Y 5. 2%: a1 to the fluxion of 


the ſector. If >= hy, the hyperbolic logarithm 
of — 


„ multiplied by + ab, will be the fluent. 


bg „ „e, J 
For the fluxion of the logarithm . gb. by apa 


Art. 57; and the fluxion of zz=3b+y is SN: 
hence S+8=5+= or TN, which divided by 


3 +3, gives WE 
* V bb+yy 
by z ab is equal to the fluxion propoſed, 


D 2 E X. 


, whoſe product multiplied 
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EXAMPLE 


a y+2zZ — 
If 521703; then AVT n. 1889 


* 
> 
* —— — 


* 
* 


nearly, whoſe tabular logarithm is „3402259, and 
this multiplied by 2.302585, Art. 58, gives. 39 1699 
x ab, for the area of the ſector CAM. 


L E M M A. Fig. 30. 

62. If from the center C of an ellipfis, and with half 
the greater axis CA as radius, à quadrant AND of a 
circle be deſcribed, and thro* the interſection of the ſame 
ordinate the lines CN, CM, are produced ſo as to meet 
the tangent AI in L, t; and from the point t a line t 
be arawn: parallel to CT, and Am perpendicular 10 it, 
then will AQ be equal to CB half the ſecond axis, ard 
Am equal to the ordinate PM of the ellipfis. 

By the parallels we have PM: PN (:: At: AT) :: 
AQ: AC, and by the property of the ellipſis, PM: 
FN:: CB: CD or CA. Iherefore AQ: AC:: CB: 
AC, by equality of ratios, and AQ=CB. 

The right-angled fimilar triangles AmQ, CPN, 
give AQ: CN or CB: CA:: Am: PN, and by the 
property of the ellipſis CB: CA:: PM: PN; there- 
fore Am: PN:: PM: Ph, by equality of ratios, and 
Am=PM. | | | 
ROB LEM. 

63. To expreſs the area of au elliptical ſeflor CAM by 
parts of the tangent At. 5 

Let CA=a, CBS O, At gz; then the ſquare of 
Ct is to the ſquare of CM, as the fluxion 4as of the 
triangle CAt is to the fluxion of the ſector CAM, by 
Art. 25. But Ct: CM:: CT: CN or CA, and by 
the right-angled ſimilar triangles CAT, QAt, we 
have CT: CA:: Qt: QA or CB; hence Ct: CM.: 
Qt: CB, by equality ot ratios. Therefore n 
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* 
1, Arn > equal to the fluxion of the ſector 


CAM; whoſe fluent is a circular arc deſcribed by 
the radius CB (5) and tangent is At (z) multiplied by 
10, r 
E X AMP UL E. 
| Let 22=nb; that is, the radius being 100600, the 
tangent will be 50000, which anſwers to an angle of 
26 degrees and 34 minutes, or 264% degrees nearly; 
this multiplied by .017453Xb, = 64, gives. 46358 
*, and this by 14 gives. 2379 Kab for che requi- 
red area. | . ee 
PR OB L E M. 


64. 7 0 expreſs the ſame ſector C AM, by parts of the 
ordinate PM (y) to the axis CA. 

Let the tangent at M meet CA rotuend 1 in V; 
then CA is to CV, or CP to CA, by the property of 
the ellipſis, as the luxion 20 of the triapgle CAM, 
is to the fluxion of the ſector CAM, by Art. 23, and 
by the ſimilar triangles AmQ , CPN, CP: CN or 


CA: m: QA; or becauſe A, Qm= Vi, 


ab) 


we have Viv 5 251: 2 me ” equal to the 


fuxion of the ſector; whoſe Avent is a circular arc 
deſcribed with the radius 1s þ and line y, multiplied 
by + 24, by Art. 22. 
EX NP ERF. 


Let 2y=24; then if the radius is 10000, the ſine y 
will be 66666, which anſwers to an arc of 41 degrees 


and 48 minutes nearly, or 41+: this being multiplied 


by .01745X6, Art. 54, gives .72941X6, and there- 
fore. '3645X 4, will expreſs the area required. 
This method of finding fluents, by means of tables 


of fines and logarithms, | ſaves much trouble, when 
they depend on the quadratures of the conic lection; 


tor this could no other wite be done than by infinite 
ſeries, 


— =o 
a 9 2 = 
n_ — 2 5 - 
* — D 
« _ þ - - — 


—— 8 2 he — - "IS. 
A 7 : 
_ 


4 
$ 
14 
0 
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ſeries, which in moſt caſes converge but ſlowly, If 
the arcs or logarithms are required to a greater degree 
of exactneſs, the rule in Art. 381, of my Elements of 
Mathematics, muſt be applied. 


We ſhall give a few general problems for finding 
the fluents of binomial expreſſions, and ſhew when 


they may be found exactly or reduced to the quadra- 
ture of the conic ſections. 
L EMMA. 

65. Suppoſe 24+", whoſe fluxion 8xzz2%—4/+: 
I. v2** u, may be reduced into this form, 
gn LTI, bz * by 251-11. 

Now, if v=c+f", then vg , and the va- 
lues of v and v, wrote into the laſt fluxions, gives 
gc f gf + 5+1, nz x by 21 b, or 8e + 
8 +5+1, fs N.. 

PROBLE M. 

66. To find the fluent of e D, when r is 

greater than unity. 


Suppoſe v'+* x by az + -an ＋ 2/9537 + 
d-. A F to be the fluent ſought, F being the 


fluent of the remainder and x its coefficient, both to 
be determined. 


The fluxion of this fluent, being diſpoſed into a 
proper order, by making r +5=q, gives 474 + 
r, 922 | 8 — . r—3,0c 
q—1, bf 7-2, Fe q—3, td 
r—4 d- by n- 1 v.. 

For, if inſtead of 8 we write r—1, 7—2, 7-3, 
&c. into the fluxion 8e+8 +5+ 1, fz" Xx nz231—t v7, 


we ſhall get the fluxions of the ſeveral terms of the 
oy we fluent. 


1 1 


Now, 


6— * — : 4 — — * - * : * _= «a RE VEE 9 6 * 1 ** * — es ths * a „* at — q 
— as Bis 8 A ati tt. Att ; nnn . I OR? don be det et AN as. big ove wb „ * N »» (- 2 
A N > 8 * 5 R r . be a - Ks" = r F WET OO Tp * 1 2 * £5" a - =” "2 RE Oe OE Sade Rd Eg PF, "OE OT FRY, 3 * * 4 
OS R N ee 9 C 2 0 TU OY» ee ON OO Pe "OOO and 9 ö Act tech. * * — 
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Now, the coefficient 3/4 of the firſt term being 
made equal to unity, and thoſe of the other terms, 


each equal to 0; the ſuppoſed fluent will come that 
required. 


I 
afa=1 =; Þ 
5 app fb=0 e 
r—2, eb+q—2, fc=0 = | 
— 


And becauſe x=r—4,e4n and FA -- v5; 


is the laſt term. 


The coefficients above being wrote into the fluent, 
r „Ae F£F—2 Be 


2 
Ives — — QX — 44 — x3 — — — 
S ng f g—1 #2" 7 fe. :- a= 


The letters A, B, C, D, &c. expreſs each its pre- 
ceding term, and the remainder F mult aiways have 
a contrary ſign to that of the laſt term of the ſeries ; 


the coefficient or letter Q is always equal to chat of 
the laſt term of the fluent. 


J 1 N. 

57. Hence, if r be any whole poſitive number, and 
ga fraction, or a whole poſitive number greater than 
, or elſe when s is a whole negative number greater 
than unity, the fluent will he finite and contain 2 
terms; but when r is a fraction, the fluent depends 
upon that of F, and in this caſe g mult be the leaſt 
fraction of r. 


* * 

— * 3 EF 5 

R * - at * * ado Lok do nr eto. i ed + he 

_ - 4 ae i ot as. ao W 2 * > a 2 * 2 FIR * "ot ab. 8 - i * 1 q 9 
Bj ũ . OO UE OO em „ 

- * TOP AE TIT,” | A 5 R A * 
* WW WES 

e . ' 


when dende +1, is the laſt term; by the ſame 
reaſon Sand F=i28"" u., when Qu" t 


COR. 


— 
— 


GE PED 


_ — - 2 r — * 
"22 a r 2 4 
8 r 


— 
— 


—2 
« 4 2 * 
— 


e 
- 
> 
<a * —„ 
— 


- — 9 3 
— — 


L -w — — 22 2 
— - ( ß OO Ou” + 
* f 3 a 
4 - 
a 
— 
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$6728 cn l e > 
68. When 7 is negative, the fluent of 22 1 x 
Y may be found by the former. For if the 
term z——, without the radical ſign, be multipli- 
ed by zu, and that e+fz" divided by , we pet 
$2—"—1 x 2 + f'*, without changing its value; 


„ on ; WES: 
and as == , this value wrote into that of 


g=r+5, found above, inſtead of v, gives q=r, and 
writing q for vin the numerator, 7 for q in the deno- 
minator, as well as —#, J, e, 2 inſtead of u, e, f, , 


reſpectively, the laſt fluent becomes — 
g—1_ ,A 42 B : 93 < 
Ft X Tag a X ry ani of coves fon = - s 
Eu QF. 
Obſerve we have here v=ez=" ＋ or v=o + 
and q . | 
N. 


69. Hence, if q or its equal ry—s is a whole num- 
ber, and r a fraction or any whole poſitive number 
greater than g, the fluent will be finite, and conſiſt 
of g or 7—s terms; and when ꝗ is a fraction, ꝑ muſt 
be the leaſt poſitive fraction of 7, and the ſeries muſt 
be continued to r—s terms. 


| EXAMPLE. 
70, Let SI be the fluxion, and r any whole poſi- 
tive nuinber; then will F be the fluent of — which 


is the hyperbolic logarithm of 2 =, divided by Yu, 


e 
by Art. 57; and ſince s is here — 1, the general flu- 
ent 
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ent, in Art. 36, becomes in this caſe Wc nn — X 


Ae r—2 Be 3 Ce 0 
r 0 

„ JO . q—3-- i 

the ſeries muſt be continued to r—1 terms. 


When is negative, the fluent of - 
22 —1 * 
= which is the hyperbolic logarithm 

2 ＋＋ 


* 


depends 
on that of —— 


of „ by Art. 57, divided by -e; and the 


Aras Gs 7— 1 


general fluent in Art. 68. becomes r. + , X 
. 
13 Vis PIT ogy LEN ri 


This fluent muſt be continued to terms, 


PR OB LE M. 
71. To find the fluent of i M in a 72 


rent manner. 
21 


Suppoſe v ge and 2 v x by ab "OO 
Tzu 


+ 1 + Kc. to be the fluent ſought. The flu- 


xion = Du , will be rn of by ỹονονe , or wri- 
ting the values ui of d, becomes razzn—= of + 


QA 


nfs 0 +1--19%--1, or which is the ſame, v + ſs — X 


by n=Zz*-1 45, Now, writing 741, 7+2, r +33 &c. 
for r, and at the ſame time 5—1, 5—2, $— 3, &c. for 
Ss, this laſt Auxion will become that of this firtt, ſe - 
cond, third, &c. term of the ſuppoſed fluent, each 


being multiplied by its reſpective cocticient a,b, c, d. 


and placed in proper order, gives 


ar + 


- - - = * - 4 
— — — — —___—__ — — SA _—_—— — 


— —— — 


IR 


* * = 
—— —— 
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To, £] ** 121 272 $—2, 912 


7, vd 3, d) vs 


Xx by 


Il. 
Now if the coefficient ar of the firſt term be made 


equal to unity, that of the propoſed fluxion, and each 
of the reſt equal to o, we get 


I 2 
— 1g 22 7 
e, ff FI, %o e 
-o, af+r+1, 520 = EX af 
S—1, bf+r +2, co = IX bf 
— 5 4— — 4 — des... 
2, of +7 +3, d= 3x96 
Therefore as 2+ 2 Po 


TR T+1 
* —fz" + &c. will be the fluent required: the letters 


A, B, C, &c. expreſs as uſual, each the term that pre- 
ceeds it. 
. 

72. Hence, when 5s is any whole poſitive number, 
and va broken or a whole poſitive number, the flu- 
ent will be finite and expreſſed by 5+1 terms. 

And when e and f are both poſitive, this ſeries will 
always converge; but when e is poſitive and f nega- 
tive, the former ſeries will always Converge, and 
therefore ſhould be ufed, when it is not finite or can be 
reduced to the quadrature of the conic ſection. 

There is beſides a method whereby this laſt ſeries 
may be brought to converge faſter, as follows: Let 


_— be the fluxion propoſed, which being reduced 


into a ſeries by a continued divifion, and the fluent 
taken, 
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taken, gives 2— 13 +325 - £27 + &c. and there will 1 
S22˙ 1 

1 + ZZ | | 
terms, the fluent of this remainder added to the pre- 


ceding terms, will make up the fluent of the fluxion f 
8 


1 +23 | I 


| ER 
Now, the fluent of T- by the general form a- 


remain t expreſſes the number of the preceding A 


propoſed 


C, &c. becauſe n=2,f=1=e, zr — I 2, or 2r= q 
2t+1. 9 

But if x t, the firſt ſeries becomes i- - 79 
- &c. and the ſum of the 10 firſt terms or of 5 of 
this TTF +75 +75: +5575 gives . 76045, 99049; 
and as t is 10 in this caſe, we get 1g π, we have 
allo v=2; and henee the ſeries of the remainder be- 
comes +3A+=B+,C+i5D+#E+, &c. 
which reduced into decimals gives 


92380, 98283 5 
1 9 1 
92018 1 
12692 1 

PROS 44 

37% 4 

75 $i ; 

16 1 

— — = 
.02493,382585 3 g 


The ſum of theſe two numbers gives 78529. 
81634, for an arc of a circle of 45 degrees true in all | 
its places: whereas the firſt ſeries would require more n 
than 1000000000 terms. ; 
E 2 73. To 


: 
* 
.vL 
* 
= 
U 
bigs 
1 
2 
k * 
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PROBLEM. | 

73. To find the fluent of - Ly a+b2"+ cgi 
+4234, c. whence v becomes 0. 

If A expreſſes the fluent of £27—4* and B that of 
$27 u-: then will ernA+r+3+1, nf B=2"V+: 
by Art. 65; becaule 8 * is 1 here; if 7+s=9, 
when v or ” equal e- becomes equal to o, we get 


W het 
. 
_— 
ting 7+1.r +2, 7+ 3, into the fluxions of A and B, 
they become thoſe of the ſucceeding terms C, D; 


thus 32 7 * A becomes CL 3 x7 B, 1 —. 


F. q+2 
fer Lad. 


— X - 6 . Hence if we write eee value of B into 
* 2 we get C 2 


lue of C into that of D, Si r+t.r+2 _ 
714777735 


Conſequently, theſe values multiplied by their reſpec- 


tive coefficients gives Ax by N 


1+ Ol Dh nh T＋ . 2 4 1 3 
— * u re- 
a e eee f* „ 
quired. Obſerve, 19. That the points between the 
tactors r+0.94+ 1, ignify m multiplication: that is, as 
r+Soxr+1Xr+2, and IX, &c. 29. All but 
one of the coefficients a, G, c, d, may be o: thus if 

r+0.7 +1 3 de ill be 


172.273 fre 


. becauſe F is here negative. By wri- 


211 and this Va- 


a=b=c=0; then Ax 


the fluent. 
3%. If 6 expreſſes any whole poſitive number, the 


Avent of Sr, debe, will have as many factors | 


To+0, r+1,T7 +2, and q+1, q+2,qQ+3, of both 
ſorts as there are units in 9, multiplied by 7 
PRO- 


ww -» 
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PROBLEM. Fig. 31. 
74. Let the curve LMN be ſuch that any ordinate 
PM =y, whoſe diſtance AP from a given 2 A is 2, 


may be expreſſed by the equation y= AEB $a way + 
— * . DT, Sc. to find the coefficients A, B, C, 
D, &c. 

In the baſe AP, take the equal parts AB, BUiGD. 
DE, &c. which being each to AP as unity to z, and 
draw ordinates thro” theſe points of diviſions, which 
call, a, b, c, d, e, &c.; then by making z equal to 
0, 1, 2, 3, 4, &c. ſucceſſively, in the equation the 
ordinate y becomes equal to 4, , c, d; this gives the 
following equalities. is 


=A 43 
b=A+B | B=b—a 
qA+2B+C hence C=c— 2b +a 
d=A+3B+3cC-+D D=d4— 3: + 3b—a 


e=A+4B+6C+4D+E Eme—4d+6c-4b+8. 
Conſequently if theſe ordinates are given, the coeffi- 
cients A, B, C, are given alſo. 


PROBLEM. 
75. The equation of the curve LMN being Y A 
Ha Ad C, Sc. to find the area ALMN. 


If y 0 its equal be multiplied by 2, and the fluent 
of each term taken as uſual, we 17 2x by A+ 282 f 


£3 > _ — 


3 + 3 3 
— 1 „&c. For the area required, the conti- 
3 2 


nuation is plain : for the numerators are formed by 
continually multiplying the terms ol. the ſeries x, 
ga 
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Z—T, Z—2, Z—3, &c. the diviſors of the ſeveral 
powers of 2, by unity more than their indices and the 
diviſors of the coefficients A, B, C, the products of 
the numbers 1, 2, 3, 4, 5, 6, after the fecond term, 


EXAMPLES. 


76. Hence, if 2=2, we get 2X ATB C, nearly 
for the area. 

If 23, then à x by A+3B+3C+2D. 

If z=4, z x by A+2B+35C+2: 2D+.7.E. Or be- 
cauſe A=a, B=b—a, C=c—2b+a, D=d— 30136 
-a, E=e—4d+6c—4b+a, by Art. 74, we get A+ 


+ 4þb+ 1 
ce ACD 2. 
and A+2B+;C+;D+2, - K UML . 

90 


Hence, if A expreſſes the ſum of the firſt and laft 
ordinate, B the ſum of the ſecond and laſt but one, 
C that of the two next to theſe, and D, E, &c. al- 
ways the ſum of the two next, till you come to the 
two middle ones, or if the number of terms is odd, the 
laſt letters denote the middle term. The following 
table, where the number of ordinates is expreſſed by 
Roman figures, will give the areas nearly, 2 ex- 
preſſing always the baſe or diſtance between the fill 
and laſt ordinates. | 


A+4B 
> 2 


A+3B_ 

3 
7A+32B+12C 
— - 4 90 — 

19A +75B+50C_ 

288 | 

41A+216B+27C+272D. 
R VIII. 
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A 
vir. B 1323029820 


17280 
_ g989A+ 5888B—g28C+ 10496D—4540E 
; 28 350 


To apply this method to ſome examples, we ſhall 
ſuppoſe 


2 ; | 
1 to be the ee whoſe fluent is re— 
quired when 2=1. Suppoſe the baſe z to be divided 


into ſix equal parts, viz. g, , 3, +, 3, ©; then wri- 


: I 
ting o and theſe parts for z into z' Ve get the ſe» 


ven following ordinates 1, 5, , g, , Fr, r; hence 


41A +210B+27C+272D 
640 

nates, gives Ag IA _ = BI +a. = 

Tsa, D ==; thele values multiplied by 

their reſpective coefficients, and reduced intodecimals, 


give 


the form 


, for ſeven ordi- 


6 1.50000 
302.96078 
* 36. 45000 
181333323 


582. 24411 


and the ſum divided by 840 gives Gita for the 


area required, which is the hyperbolic logarithm of 2, 
true 1n all its places. 


Suppoſe the fluxion E whoſe fluent is required, 


when 2=1; divide the bale z into five equal parts, as 


1 
5 3 355 1; by writing o and theſe values into TI 
we get theſe ſix ordinates 1, 13, 35» 34» 43 4 3 now 


2199 347 + 


19A E C 
by the area of fix ordinates - 2 5 — Ja , we get 
I BESS SLE, Cong 


, and theſe values multiplie ed by their reſpective 
coefficients give 


28.5000 


117.8479 
79.5600 


226.2070 


This ſum divided by the diviſor 288, gives .7854 for 
an arc of a circle of 45 degrees, whoſe radius is uni- 
ty. Obſerve that when the baſe z is more or leſs 


than unity, the area found as above muſt be multi- 


plied by it, as it is marked in the tables: obſerve 
alſo, that the more ordinates made uſe of, the nearer 
the area will be; and this method can be applied 
when all others fail, that is, when the ordinates 


are expreſſed by ſurd quantities, as will be ſeen 
hereafter. 


4 GENERAL METHOD of finding the ROOTS 
of Equations by Approximation. 


ANY attempts have been made by authors to 

find the roots of equations; but as their ope- 
rations are in general very intricate and tedious, and 
beſides no general rule has been given by any ſo 
as to anfwer all cafes, excepting Daniel Bernoutlie, 
in the Memoirs at Peter//zrgh ; but as he has given 
no direct demonſtration, and, I think, is miſtaken in 
ſome caſes, the reader will be pleaſed to find here a 
very conciſe demonſtration, as alſo a general rule, 
expreſſed in fewer words, than could hardly have 

been expected in ſo extenſive a ſubject. 


P R O- 
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Of Equations by Approximation. 49 


PROBLEM. 


77. To find the leaſt value of x in the general equation 
INT e +dx* +, &c. 


If we divide both ſides by x, we get - =a+bx+cxx 


+dx* +, &c. and if we ſuppoſe x ſo ſmall that all 
the terms multiplied by it may be neglected as in- 


bod 
conſiderable, we get * 1 nearly. To get a 


I ; 

nearer value of *, Write for x in bx, and by neglect- 
. f * I 

ing the higher powers, we get „Ta , Or x= 

$A | 

—— == To carry on the approximation, write 
aA+6b B J PP 8 

this laſt value of * into bx and its ſquare, or which is 
nearly the ſame, and more convenient, the product 


Be 
XFN. of the preceding values, into cx*, and 
I A e 


neglecting the higher powers, we get r 


B py 3 
aB+bA+E W this laſt va- 


lue of x into bx, the product Fe of the two 


f 1 
laſt values of * into cxx, and the product — * * 


I . 
= of the three laſt values of x into dx*, by neg- 


or — 


lefting the higher powers, if there are any more; then 
I _ bþA+cA+4 + C 

+ * ' A | ' RE, By 

CE aTHFHbB+cA 1 

continuing thus to write the laſt value found tor x, 

the product of the two laſt for x*, the product of the 

three laſt for x, and the product of the four laſt for 


| X*, and repeating theſe operations, the value of * may 


be approximated to any degree of exactneſs. The 
continuation of this rule is evident by this table. 
F 1 


— . 


— — W4 — 
alt 4 : 
. 
« « <> n * 


3 —_— 
ow ; 


: ME 8 e r ä 
— /  T—_—WY n 
— — — OST > Steins. 2 1 1 J 
+ - — oy 
— - £ R * 
_ ol 8 
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1921 
A4 
B=aA-—+56 
C=aB+bA+c 
D=aC+#B+cA+d 
aD +bC+ciB+2g%A. 


GENERAL RULE. 


28, Find a ſeries, whoſe firſt term being unity, the 
ſecond, the firſt coefficient, then to find any other 
term, multiply conſtantly the coefficients each by the 
reſpective term of the ſeries, in a contrary order; that 
is, the firſt @ by the laſt term, the ſecond 5, by the laſt 
but one, the third c by the laft but two, &c. and the 
ſum of all theſe products will be the next term of the 
ſeries z by continuing thus the ſeries at pleaſure, the 
more terms the better, then the laſt term but one di- 
vided by the laſt, will be the root required nearly. 


EXAMPLE. I. 


Let 1=x+2x* + 3x* +4x*; then will 1:1; the 
next term IX1+IX2==3; the next IX 3+2X1+2 
Xx 1-8; the next to this 8X1+3x2+3X1+4x1 
=21; and the next to this 21X1+8Xx2+3Xx 3+ 
4 go, by continuing thus we get 1.1.3.8.21.50. 
128.322.813.2043; and the laſt term but one 813 
divided by the lait 2043, gives x==.39729 nearly, or 
X=.3973. To know how near the value of & has 
been tound, find the ſeveral powers of x, and write 
them into the propoſed equation, and you will find 
how far the approximation has been carried on. Thus 
here I Hd 1=10001. 


SEA AMPLE U. 


Let 1=—2x+5x* —4x* +x*, be the equation, 
then will r and —2 be the two firſt terms, the third 
2X —2+5=9, the fourth —2Xx 9+ ;5X —2—4X 


1— 


* 
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1==— 32, the fifth —2X — 32 ＋ 9 5—4X —25-1= 
118; hence the ſeries will be 1.—-2.9.—32.118.— 
434-1595, and x=7434+=—.272 nearly. 

If a poſitive root is required, ſuppoſe x=2+y; 
then the equation will be changed into this 1=2y + 
gy* +4y* , and 1:2.5.24.84.300,1123 z whence 
. 272, and X=2.272, nearly, 

When a term of the equation is wanting, write 
in its place, and proceed as before; thus if 1=2x+ 
& 3 write 1=2x-+o0+x*, then 1.2, will be the two 
firſt terms, 2 Xx 2 +0X 1=4+ the third, 2X 4+0x2 +1 
=9 the fourth, 2x g+0Xx4+2=20, and lo 1.2.4.9. 
20.44.97. 214.472; hence = . 4534 nearly 
ſince when this value is wrote into the equation it 
gives 1 = loOOO. 

If IO N +2x* +x+*, then becauſe the root 
found is alternately greater and leſs, by luppoling x = 
Y, the equation will be changed into this 1==$oy 
—120y* +48y* +16y*; and 1.80.0280.49? 848. 
Hence j==.042742 and x=.487257, true in all its 
places, 

When the equation is not equal to unity, obſerve 
the following i 


GENERAL RU LX. 

Find the neareſt whole number to the root, which 
may be done by inſpection or trials; ſuppoſe that 
number more or leſs a variable quantity, with an inde- 
termined coefficient equal to the variable quantity 
of the equation, by which the equation is changed 


into another, then if this indetermined coefficient be 


made equal to the known term, the equation will by 
diviſion be reduced to unity, and always converge. 


EXAMPLE III. 


Let 2=x+x* +x7, the equation, as x is leſs than 
unity, ſuppoſe x=1—y; then will 1=6by—4y* +y3; 


and 1.6.32,169.892.4708: now 892 divided by 4708, 
F 2 | gives 
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gives y=,18946, and x=,810535, true in all its 
places. 


EX LE IT. 


Let 2=—x—x? +x3; if 3 the equation 
becomes i 3=20ay—B8aay* +a*y*. Hence if 4 13, 
according to the rule we get 1=209—104y* + 169y*, 
by diviſion; and 1.20.299 4009. 52776, 68 8608. 
8960977. 116523452: therefore y=.0769, and 3— 13) 
=x=2.0003 nearly; the true root being 2. 

Let 14=2x+x*, whoſe root is 2 nearly; by mak- 
ing 2+ay=x, this equation will be changed to this, 
2= 14ay+ Ca- +2*y*, Hence a=2, according to 
the rule, and 1=14y+ 12y* +4y*. Hence, 1.14.208. 
308 4.45728,andy=.067442; therefore x=2.134884, 
true in all its places. RO 

Laſtly, let gozx+xx+x*, whoſe root is 4 nearly; 
let &= Tay, this will change the equation to this, 
6=57ay +1 3aay* +a*y*; and if a=06, it becomes 
I=57) +78y* +36y*, by diviſion: and 1.57.3327. 
194121.113260455; ſo that y=. 017138726, 1 
& 4. 10283235. 

This method is alſo excellent, in numbers, when 
the root is required to a great many places. Thus to 
find the ſquare root of 26, which is 5 nearly. Sup- 
poſe it to be 5+y: then 26=25+10y+y*, or 1= 
IO y Y. Hence 1. 10. 101. 1020. 10301. 104030, 
and Y αον e α therefore g +y=5.09901951 360, 
true in all its places. The ſquare root of 487 is 22 
and 3 over: if 2273, be the root fought, then 
487 =484 +1323 +93*, or 144 g, by reduc- 
tion. Hence 1.44,1939,85448,3765529, and 22+ 
3y=22.06807, 64908, 1ts root required, 

If the root of a ſmall number be required to a great 
many places, multiply that number by ſuch a ſquare 
number ſo as the product may be a ſquare within unity, 
then the root of the product divided by the root of 
the multiplier, gives the root required. Thus to 05 

f the 


the ſquare root of 3, multiply it by 16 the ſquare of 4, 
which gives 48; then ſuppoſe 7 - to be the root: 
hence 45=49—14y+y*, or 1=14y—y*, by five 
ſteps only we get 1.73205,08075,089, tor the root 
required. 

To find the ſquare root of 2, multiply it by 144 
the ſquare of 12, and ſuppoſing 17 - to be the root; 
then will 1 = 34y—y*, from whence by 4 terms the 
root will be 1.41921,35027. 

To find the cube root of 20, which is 3 leſs 7; let 
3—7y be the root, then will 1=27y—63y* 4-49y?, 
and 1.27.660.10330.400275.9811269; hence 5y= 
.2855823, and 3—73 =2.7144177, the root required. 

Laſtly, the cube root of 2 is found by multiplying 
it by 64 the cube of 4, and ſuppoſing it to be 3 3), 
which gives 1 =7535+45y* ; hence 1.75.5670. 
428634, and 3y=.0390842, and 5+ 23y. divided by 
4, gives 1.25992105. The rule holds good in any 
other power. | | 

The greateſt root of an equation may be found in 
the ſame manner; for ſuppoſe x” =ax"—! + byr—2 + 
cu - - +@; to be the equation, and it we ſuppoſe 
x==, we get *. =, K ==, Rs M2 X = 


"2 * 5 
Hence 1 =ay-+by* +c*-- - dy", which gives this 


GENERAL RULE. 


79. Let the greateſt power of the unknown quan- 
tity be on one fide with unity for its coefficient, and 
all the other terms in their order on the other; find a 
ſeries of numbers as before; then the laſt term divid- 
ed by its antecedent gives the root nearly. 


F 


Let x = 5x* + 4x* + 2x+2; then 1. 5. 29. 167. 
963.555 1.31999 and * =5-7645 nearly. 
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Again, let 4x* = 3x* +x+1; make x = then 


4=3y+zy* +5*; or if y=1—s, we get 1 =82— 42: 
+2*, and 1.8.60.449.3360.25144: hence 2 


3300 — an ds 21784 th 25 1 
— — —— — 4 —— TE =. * — & 4 


= 1. 16424, nearly: for writing this value into the 
equation it gives 1 =00001, 


of EXPONENTIAL QUANTITIES. 


When a quantity has a variable index, it is called 
Exponential, as a*, y*, &c, 

80. To find the fluxion of a, , or a+y *. 

I. Let *, taking the logarithms on both ſides, 
which denote by the quantities with an J before 


them; then xla , whoſe fluxion is dla. by Art. 57 


and multiplying both ſides, the firſt by ax and the 
ſecond by 2 its equal, we get la x a*=z for the flux- 
ion required. 

II. Let) D, then by logarithms xh lx, whole 


. 3 : 
fluxion is ä or becauſe y*=z; this fluxion 


becomes *#hy x e, the fluxion required. 


III. Laſtly, let a+y*=z, then xla Cyra, whoſe 
| | „ xy 1 ; TEM 
IO by logarithm is X!a+y . la Ly 
=D X by ah. From hence this rule, 
Jake the logarithms of the exponentials and multiply 
the fluxion of this logarithin by the exponential quantity. 
As theſe kind of quantities occur but ſeldom in 
computations, we ſhall dwell no longer upon this 
ſubject ; and only obſerve, that if the letter @ in ax de- 
notes the number 2.71828, whoſe hyperÞholic loga- 
rithm is unity; then becauſe /a=1, the fluxion X/aX 


ar, of a, becomes xax; on the contrary, the fluent of 
| N 
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Kar will in this caſe be ax. This remark will be uſe- 
ful hereafter. 


S'& CT-1-0.-MN-V:; 


Of MOTION in General conſidered in a non: reſiſting 
Medium. 


ECHANICS, of which the laws of motion 
are the foundation, in regard to the neceſſities 
in lite, is without doubt the molt uſeful branch of all 
mathematics, and at the ſame time the moſt extenſive. 

It is become more valuable ſince it has been applied 
to aſtronomy: for which reaſon the greateſt mathe- 
maticians have made it their chief ſtudy preferably to 
all other branches: each making uſe of what was 
diſcovered before, endeavoured to improve it, and to 
extend its limits, in ſuch a manner that this ineſtima- 
ble ſcience is arrived to ſuch a high degree of per- 
fection, that it ſeems to be impoſſible to add any thing 
new worth the public notice. 

Calileus diſcovered the laws of motion of bodies 
which fall in a non- reſiſting medium, and applied it 
to the curve deſcribed by a body projected with a 
given velocity and In a given direction. 

M. Deſcartes, obſerving the force by which a ſtone, 
turned round in a fling, endeavours to recede from the 
hand, opened a new field in regard to the laws of 
motion, much more extenſive than Galileus had done. 
Mr. Huggens, who called this force centrifugal, ap- 
plied himſelf ſtrongly to the diſcovery of its laws: he 
after many trials, gave at laſt thirteen theorems, 
but concealed the demonſtrations. 

As ſoon as Sir Iſaac Newton had know! ed; ge of it, 
his extraordinary penetration led him to the neo 
of the laws of motion, by which a moving body is 
drawn, or compelled out of its direction ſo as to de- 
ſcribe any curve whatever; he named this force cen- 
tripetal : but not ſatisfied of having demoen{trated theſe 


laws 
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laws in a non-reſiſting medium, he applied them like- 
wiſe in any medium whatever: another diſcovery 
much more extenſive than all that was done before 
him upon this ſubject. 

Kepler having found, by a great many aſtronomi- 
cal obſervations, that the orbits of the planets were 
ellipſes, and that the ſun was placed in one of the foci 
as center, that their periodic times were to each 
Other as the areas deſcribed by the lines drawn from 
the center of the body to the center of the forces or 
focus; and that the ſquares of the periodic times 
were to each other as the cubes of their mean diſtan- 
ces: the incomparable Sir 1/aac Newton gave 
mathematical demonſtrations of theſe laws; and he 


found beſides, that the centripetal forces which retain 


the body in an ellipſis were in the inverſe ratio of the 
ſquares of their diſtances from the focus, and that the 
fame law which retains one body in its orbit, retains 


likewiſe all others in theirs. From thence followed 


the univerſal force of gravity : it was upon this prin- 
ciple that he compoſed his ſyſtem of the world, 
which certainly will render his name immortal. 

Since his principles on natural philoſophy have 
been publiſhed, the greateſt mathematicians of Eu- 
rope were occupied to unfold ſome parts of it; for he 
treats every thing in a very ſhort and ſuccinct man- 
ner, and gives ſinthetical demonſtrations, which ren- 
ders moſt of them very obſcure: on the other hand, 
that book contains almoſt every part of the mathema- 
tics and natural philoſophy ; lo that there remains 
very little hopes of any more diſcoveries : therefore all 
that could be done ſince, was either to demonſtrate 
ſome parts in an eaſier manner, or to extend them far- 
ther than the author has done. | 

The intent of this ſection is, to reduce all what is 
diſperſed in different parts of Sir I/aac Newton's 
principle concerning motion, under one view, by a 


general ſyſtem of motion, in as clear and eaſy a man- 
ner 
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ner as the ſubject will admit of. All what is given 
depends on two general theorems only, well known 
by thoſe who have written upon motion; the reſt fol- 
lows as neceſſary conſequences. 

After having given the firſt principles of motion 
in a non- reſiſting medium, we endeavour to untold 
the ratios of the forces which impel or attract bodies, 
that is, the centripetal forces, which tend towarcis a 
point, or whole directions are parallel; and to render 
this problem more conſpicuous, examples are given in 
the conic ſections of both caſes. 

The centriperal forces, which tend towards one of 
the foci, being always as the ſquares of the diſtances 
inverſely, the times as the areas deicribed by the line 
drawn from the focus to the center of the body, and 
the ſquares of the periodic times, as the cubes of the 
mean diſtances, and if theſe laws agree witn Kepler's 
obſervations, in regard to the planets, it was realon- 
able to conciude that the celeſtial bodies delcribe 
ellipſes in their revoiutions about the ſun; which 
occupies one of the foci. Nevertheleſs this unifor— 
mity of the laws obſerved by Kepler, and thole dedu— 
ced from the theogy, ſome mathematicians have 
doubted, whether there might not be ſome other 
curve that had the ſame property as the ellipſis. Tho? 
it appeared to be impoſſible, yet we gave the inverſe 
of this problem; that is, the centripetal force being 
as the ſquares of the diſtances inverſely, to find the 
curve deſcribed by the body, which is found again 
to be a conic ſection, that is an ellipſis, for it cannot 
be a parabola or hyperbola, becauſe they open or 
recede from the axis conrinually, 

It has been found by the late obſervations on the 
tranſit of Venus, that the horizontal parallax of the 


fun was 9.732 ſeconds, from whence the mean diſ- 


tance from the earth to the ſun is found, and expreſ- 
ſed by ſemidiameters of the earth, and thence the 
diſtances of the other planets are found by proportion. 
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Now, knowing the apparant diameters of the planets 
by obſervation, as well as their periodic times, it is 
ealy to find their true diameters and ſolid contents, 
as well as the denſities of thoſe which have ſatellites ; 
as for thoſe that have none, we have no method to 
find theirs. 

Tho' our method is general, and may be applied to 
all the different laws of which the centripetal force 
may be endowed with, yet we have given no other 
examples than when they are as the ſquares of the 
diſtances inverſely, as being the only one true in na- 
ture, for the ſake of him who endeavours to inſtruct 


himſelf: for which reaſon we have here given ſuch 


queſtions only as are either very uſeful or inſtruc- 
tive; and we think to have not a little obliged the 
learner, to ſave his time and the trouble of reading a 
large volume. 

THEOREM. Fig 32. 

80. The fluxion of the velocity generated by a power 
varying according to any law, is as the reftangle made by 
the fluxion of the time elapſed, and the meaſure of that 
power at that time. | 

Let AM be ſuch a curve, that when the abſciſſa 
AP denotes the time, the correſponding ordinate PM 
ſhall denote the meaſure of the power: then becauſe 
the effects are proportional to their adequate cauſes, 
the inſtantaneous velocities are as the meaſures of the 
powers that generates them; and ſince the area AMP 
contains all the meaſures of the power during the 
time AP, that area will alfo expreſs the ſum of all 
the velocities generated in that time. Conſequently, 
the fluxion of that area is equal to the fluxion of the 
velocity: therefore the fluxion of the velocity is equal 
tothe rectangle made by the fluxion of the time AP, 
and the meaſure PM of the power at that time, by 


Art. 10. | 
TH E O- 
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BREE O REM, 


81. The fluxion of the ſpace deſcribed by a motion va- 
ing according to any law, is as the reflangle made by 
the fiuxion of the time elapſea, and the velocity at that 
1110, 

If the ordinate PM denotes the velocity at the end 
of the time AP; then by the ſame argument as in the 
laſt theorem, the area AMP will denote the ſum of 
all the velocities, as well as the total ſpace deſcribed 
by thele velocities, during the time AP; and there- 
fore the fluxion of that area, or the rectangle made 
by the fluxion of the time AP and the velocity PM, 
will expreſs the fluxion of the ſpace deſcribed during 
that time, 

| G 

82. Hence, if p expreſſes the meaſure of the vari- 
able power, v the velocity generated, in the time : 
and x the ſpace deſcribed; then will 6=pt by Art. 80, 
and S , by Art. 81. If we expell /, by means of 
theſe two equations, we get PZ=wv, and if t be ſup- 
poled conſtant whilſt 3 and v vary; the fluxion of 
Z uf will be d, or pit, by writing 27 inſtead 
of its equal v. 4 

EX AM PI. E. 

83. Let the motion be uniform; then will the ve— 
locity v be uniform, and the fluent of z=7 will be 
z=tv. From whence it follows, 19. That the ſpaces 
deſcribed uniformly at the ſame time are as the velo- 
cities. 29. The ſpaces deſcribed uniformly with the 
ſame velocity, are as the times. 3*. Laſtly, ſpaces 
deſcribed uniformly with unequal velocities, and in 
different times, are as the velocities and times con- 
Jointly, 
| EXAMPLE. 

84. If the generating power be conſtant, {uch as 
eravity near the ſurface of the earth the fluent of 
D Spi, will be v=p, that of psv, 2pz=vv: and 

6 2 expelling 


„4 


60 | Of Motion in General. Sect. V, 


expelling v we get 25 πα Dt; in the ſame manner, by 
expelling p, we get 2z=v4. Hence, 

1*. The velocities acquired by a falling body freely 
from a ſtate of reſt, and being acted upon by gravity 
only, are by v=pt as the times elapſed. 

2% The lpaces deſcribed in the deſcent, are by 
22p=vVv, as the ſquares of the velocities, or by 
2z==þ/t, as the ſquares of the times; or elſe by 2z=ry, 


as the times and velocity conjointly. 


3% Laſtly, The ſpace deſcribed uniformly, with the 
velocity acquired by a body falling freely from a 
ſtate of reſt, is double the ſpace deſcended thro? by the 
body. For ſince z=7v, by Art. 83, when the motion 
is uniform, and 2z=tv, when accelerated, and as 4 
and t are the ſame; the ſpace z deicribed uniformly is 
double the ſpace z deſcended thro' by the accelerated 
motion in the ſame time. 

RE MARK. 

As it is not readily conceived, how the meaſures of 
powers, velocities and time, can be compared together, 
it is neceſſary to obſcrve that the time denotes the 
order in which the other quantities are generated or 
produced; thus one hour, minute or ſecond, being 
taken for unity, then that unite is to any number of 
unites as one number to any other number, and the 
ſpaces deſcribed by falling bodies, as well as the velo- 
cities acquired, are in certain ratio's expreſſed by 
numbers, and therefore are as one line to another line; 
and thus we are enabled to compare theſe ſeveral 
quantities together, in as clear and diſtinct a manner 
as if they were of the ſame kind, as will appear by 
what follows. 


N. 
83. If in the equation 2z=p2t, Art. 84, we ſuppoſe 
the time : to be one ſecond, then will 2z=p. Which 
ſhews that the force of gravity p is meaſured by twice 
the ſpace fallen thro” freely from a ſtate of reſt, in a 
ſecond : hence when the ſpace fallen thro' is * 
the 
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the time during the fall is alſo given, and the contrary. 
Thus the ſpace fallen thro? in a ſecond is found by 
experiments, to be 16 fect nearly; then p=22 feet; 
and if the ſpace z be 100 feet, then 22z=p17, gives 
100=16/t, whoſe {quare root is 10=4f, or 2.5 f. 
Again, ſuppole ? to be 6 ſeconds, then 2=16x 36, 
or = 376 feet. 
R. 

86. Again, the equation 2pz=wv; gives V 272 
=vV; or if 5 be the height fallen thro? in a ſecond, 
then p=2h; and 2Y hz=0v: Which ſhews, that twice 
the ſquare root of the product of the ſpace fallen 
thro* in a ſecond, and the ſpace fallen thro' in an 
time, will expreſs the number of feet defcribed uni- 
formly by the velocity acquired in the fall, in a ſecond. 
For fince the ſquares of the velocities are as the ſpaces 
fallen thro', Art. 84 Ne. 2. V h will be toV x, as 
the velocity acquired by falling thro? the height þ to 
the velocity acquired thro' the height : and the ve- 
locity V is to the velocity , as 25 twice the 
ſpace deſcribed uniformly in a ſecond is to the ſpace 
2. H deſcribed uniformly at the ſame time, Art. 48. 
N“, 3. | 

EXAMPLE: 

87. To find the number of feer deſcribed uni- 
formly per ſecond, by a velocity acquired in falling 
thro' a {pace of a 100 feet: then 2= 100, and b= 16, 
we get hz=1600 feet, whoſe ſquare root 40 taken 
twice gives 80 for the ſpace deſcribed. 


Of CENTRAL FORCES. 


HEN a body is continually attracted towards 


a point fixed, by a force acting according to 
any given law, that force is called centripetal; but 
when a body continually recedes from a given point, 
that force is called centr:fuga!. 

Many 
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Many objections have been made at firſt againſt 
the word attraction, as if it implied an occult qua- 
lity; whereas it means no more than the force by 
which the bodies are retained in their orbits. Whe. 
ther it proceeds from the preſſion of ſome other mat- 
ter, or from an inherent quality of matter, which 
cauſes revolving bodies to tend towards a point fixed, 
15 not material, for it 1s certain, that there 1s ſuch a 
power in nature, otherwiſe bodies would move ina 
right line, tangent to the curve deſcribed, by the 
projectile force; and therefore it is indifferent by 
what name it is called, provided its meaning is un- 
derſtood. The French and German mathematicians, 
in order to avoid this word, have ſubſtituted that of 
ſolicited, which 1s far from conveying any true idea 
of its meaning, and ſeems to be coined merely tor 
the ſake of contradiction ; and, what muſt aſtoniſh an 
Engliſh reader, ſeveral of our beſt authors have 
made uſe of this expreſſion, 


GENERAL PROBLEM. Fig. 33. 
88. Fa body Prajected from a given point A in a given 
direction AE, with a given velocity, be atiratied by a 


force which afts according to any law, towards a point 
Ned C; to find the nature of the curve deſcribed by the boch. 


From any point M in the curve let a tangent be 
drawn, and from the point fixed C, the perpendicular 
CS to it. From any point JT in the tangent, draw 
TR perpendicular to the ray CM: then if P denotes 
the centripetal force at M, c the given velocity at A, 
v the variable velocity at M, f the time of deſcribing 
the arc AM; and we call AM=2, CM y, A 
then MT=z, MRZ) TR=x, Art. 4; and Sr ut, 
Art. 82. Now by the Gmilarity of triangles we have 
CM to MS or TM(=) to MR(p) as the robo 


ſorce P in the direction CM to its effect. P, in the 


direction TM of the tangent; this force —Þ being 


, wrote 
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Y aa ene 4 . — a 
9 nnn - Er ie bs" TIE * „ 4 2 * * * , 
, a . N * 9 l * 9 1 * * 


wok 
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wrote for p into 4=pf, Art. 82, gives P/ , or 
expelling t, by means of the equation Z=vr,, Art. 82. 
we get Py==vv. 


Again, CM is to CS, as the force P in the direction 
CM is to its effect <P in the direction CS perpen- 
dicular to the tangent and by the ſimilarity of tri- 
angles TM:MR::CM:MS==; and the radius MS 


is to the radius MT as the fluxion 5 of the circular 


arc deſcribed by the point S is to the fluxion — of + 


| JK» 
the circular arc deſcribed by the point T: bur this 


laſt ſpace 1s deſcribed by the force - P, in the direc- 
tion CS: if therefore we write— for 2 and P for 2 
into me equation Z=P 7 45 Art. 82, we ger 
=> 2277 P, or becauſe z=v 7, by expelling 77, we 


ſhall have Pjys=vwvs. 


By means of theſe two equations, we ſhall deter- 
mine the nature of the curve when the law of the 
centripetal force P is given. 


N. B. We uſed the equation 2 p, to find Pjs= 


VV 5, becauſe the ſpace — deſcribed by the force in 


the direction CS perpendicular to the tangent, is a 
ſecond fluxion in reſpect to the ſpace 2 delcribed in 
the direction of the tangent ; beſides, if any other ex- 
preſſion had been uſed, the equality of the fluxions 


would not have been preſerved. Obſerve likewiſe, 


22 — —— 
* a” -< 
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GD: 

89. Since we have always + Py=vv, whatever line 
or curve the body deſcribes, it is manifeſt, that the 
velocities generated by the ſame centripetal force P, 
are always equal at the ſame diſtance y from the point 
fixed C; and theſe generated by different centripetal 
forces, are as theſe forces at equal diſtances, 


. 


9o. Hence if P be expelled by means of the equa- 
tions —Py=0wv and L u, we get — VS=5SV, or 
Vi5+V5=0, whole fluent is vs=A. It CE =4, be per- 
pendicular to the tangent at A; then when v becomes 
c, becomes d; and hence 92 A, or us = cd. Which 
ſhews, hat in any concave curve towards the point fixed 
C, the velocity v is every where inverſely as the per pendi- 
cular drawn to the tangent, let the centripetal forces be 
what they will, 

E N. 


91. If v be expelled by means of the equations 
Zi and v5=cd, we get zZ5=cd/ ; and as CM: CS:: 
TM: TR, or z5=yx; hence yx=cd7; and fince ys is 
the fluxion of the area 2CMA, we have 2CM A=:1;, 
Conſequently, in any concave curve towards the prin! 
fixed C, the times are always as the areas deſcribed by th: 
ray CM drawn to the point of contact, let the centripeia! 
force be what it will. 
0. 

92. If the center C be removed at an infinite diſ- 
tance from the vertex A, ſo that the rays CA, CM. 
may become parallel and equal; then if the fign of 
the angle CAE be & and the radius unity, then CA 
O): CE(d):: I:ł, or d=ky; hence S = found above 
becomes Ar AN; whole fluxion is &; = &, by ſup- 
poſing z conſtant: now the values of s and s wrote 
into the equations Pys=vvs, vd; give jau 
and vx=ckz , and as yx=c(d)t, by the laſt, rnd we 
get ct, or X=(kt, , 

The 
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The ſame otherwiſe. Fig. 34. 


Let the ordinate PM be perpendicular to the 
baſe AB, draw RS perpendicular to the tangent 
MT, call PM=y, AP=x, and the reſt as be- 
fore; then the force P in the direction MP is to 
the effect in the direction RS perpendicular to 
the tangent, as MR to RS, or as MT(s) to RT 
4 by the ſimilarity of triangles; which therefore is 


<P: and if 7 expreſſes the radius of curvature CM: 


* the radius CM is to the radius MT, as the flux- 


ion 5 of the arc deſcribed by the firſt radius is to — 


the fluxion of the arc deſcribed by the ſecond, or the 
* 


fluxion of the ſpace deſcribed by the power -P, 
Whence=Px##==, by Art. 5 or becauſe z=v/, we 
get Pr v. Now ſince r= = by rh. 42, Ne. g, 


when 8 is conſtant the laſt We AP becomes Pix 


2 
AS 


vox, the ſame as abòöve: we have likewiſe — 7 
. 


by the fame Art. 42, No. 2, when x is conſtant and 
> 2 5, the equation Prxzvyz; becomes Pz* + 
v =0, in this caſe. 


OB. Fir. 35. 


94. Hence if P be expelled by the equations P/ 
and Py%=wvv x,weſhall have vx +vx=0, whole fluent 
is vx= As, becauſe 8 was ſuppoſed conſtant: but the 
coſine & of the angle EA, is to the radius 1, as &: 
or kz=x at A; and as V=c, in that point, we get 
Ag ck; and the equation Vx=AZ, becomes Nc, 
the ſame as above: from this equation and * ul, we 


get ci or x ckt. 
H COR: 


66 Central Forces Sect, V. 
c OR. 
95. Hence it appears from the equation c ; 


that the velocity v reduced into the horizontal direc- 

tion AK, is conſtant and expreſſed by ck, and in the 

direction of the tangent AE, by conſtant velocity c. 
EXAMPLE. Fx. 36. 

96, Let a body deſcend upon an inclined plane AB, 
freely from a ſtate of reſt by the force of gravity : then 
the velocity acquired in the deſcent is equal to the 
velocity acquired by falling thro' the height AC of 
that plane; for. the tangent 1s here at right angles, 
and by Art. 95. the velocity equal to c that by which 
the body is projected upwards.” And fince ſpaces de- 
ſcribed by the ſame velocity are as the times, the 
time of the deſcent is to the time of the fall as AB is to 
AC: or it CD be perpendicular'to AB; then as AB: 


AC::AC: AD, the time of the deſcent 1s to the time 


of the fall as AC is to AD. 
R. Ng. 37. 

97. Hence, if from the extremity A of a vertical 
diameter AE, any chords AB, AC, AD, are drawn 
in a ſemicircle, the body will deſcend thro? either of 
theſe chords in the ſame time that it would fall thro 
the diameter AE, by the laſt; and the velocity ac- 
quired in deſcending thro* any number of contiguous 
inclined planes, is always equal to the velocity ac- 
quired by falling thro? the vertical height of all theſe 
planes: a 2 81 . 

E XA MP L E. Fig. 35. 

98. Let the force P be conſtant and its directions 
parallel; by producing the ordinate PM, ſo as to 
meet the tangent AE in E, and calling / the ſine of 
the angle PAE, the reſt the ſame as before; then 
whilſt the body moves uniformly in the direction AE 
from A to B, with the given velocity c, it will deſcend 


Nan W-wͤ » (0 ³˙e ILLIIIIES 


, 


* Se AR. © 


from 


jr 060 


Plate III. 
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from E to M, by the force of gravity, and ſince ſpaces 
fallen thro' from a ſtate of reſt are as the {quares of 
the times, by Art. 84, if d denotes the height fallen 
thro? in the firſt ſecond, and x=c/, by Ari. 94, we. 


| dxx / 
have 1: 4: EMA and k: H =PE. 
Is axx ; 
Hence PE—EM=PM, „or -x: Or if de- 


notes the height thro' which a falling body acquires 


the projectile velocity c, or 44b==cc, Art. 85; we get 
Ie x 


JF ADR 
N 

99. If we make y ge, we get AK x= 40k, for 
the horizontal range; and if ge, ABN 20, for 
the abſciſſa correſponding to the greateſt ordinate 
BD=b/. Hence, 

1?, The horizontal ranges 4%, with the ſame 

rojectile velocity 25, are as the fines 2/ of an angle 
* the angle of elevation. 
The horizontal ranges, with the ſame angle of 
elevation are as the projectile forces. 
The abſciſſa 45 correſponding to the greateſt 
ordinate, is half the horizontal range AK. 
G:- 0) 

100. It is manifeſt, that the horizontal range is 
the greateſt, with the ſame projectile force, when the 
angle of elevation is 45 degrees; ſince the product /k 
is the greateſt when =; and all ranges equally 
above and below 45 degrees are equal; fince the 
fine in one caſe becomes the coſine in the other, and 
the coſine the fine. Thus let þ=5280 feet, dg 16, 
and the angle of elevation 45 degrees: then /=k, 


20k =I or kr 2. Hence AB = 5280 feet, AK bi 
=10560, Of 4040, c=2V db=581.3 feet per | 


ſecond, and 7 445. 68 ſeconds. 
H 2 Geo- 


68 VF Centr al For ces Sect. V. 


Geometrical Confiruftion. Fig. 38. 


On the baſe AK, erect AL perpendicular and 
equal to þ, deſcribe the ſemi-circumference of a circle 
AEeL, interfecting the direction AT in E; thro? 
the point E draw ED perpendicular to AK; then 
AK=4AD will be the range, and BF drawn perpen- 
dicular to the middle of AK and equal to DE, will 
be the greateſt height of the projectile. _ 

For the angles ALE, DAE, which inſiſt on the 
ſame arc being equal, the right-angled triangles LEA, 
ADE are ſimilar; therefore the radius 1s to the ſine 
I as LA(b) is-to AES g=, and the radius is to the 
coline & as AE(Þ!) is to ADz=b/z; hence 4 AD=4b/k 
AK. Laſtly, the radius is to the ſine/as AE(Þ)) is 
to DE=BF=—=b// When the range AK and the 
height AL are given, the perpendicular DE deter. 
mines the angle of elevation DAE. 

If the object be placed above or below the level of 
the battery, and q the tangent of the angle it makes 
with the level: then as 1:9::x:y=qx; the equation 
3 — 1 ; or if à be th 

F TE eCOmes Ne MA a De tne 
tancent and 5s the ſecant of the angle of elevation, we 


h I 4 x7. 
OL fonts Som =, ANG XNnen + — 
! þ? þ? q Sis 


EXAMPLE. Fig. 39. 
lot. Let DMA be half a cycloid, BD its baſe 
placed horizontally, AB the diameter of its generating 
circle; it is required to find the time of deſcent thro! 
any arc AM. | 
Draw MP perpendicular to AB, and join the chord 
AN ; then as the arc AM of the cycolid is double the 
chord AN, by Art. 44, and the velocity acquired 1n 
the delcent thro' the arch, MA is equal to that 
acquired in the fall thro' the vertical height AP, 
Art. 97; but this velocity is as the ſquare . 8 
| 9 


, Wt 
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AP, Art. $4, N“. 2; or becauſe AP: AN:: AN: AB, 
the ſquare root of AP is as the chord AN, that is as 
the arc AM. Since the velocity is as the ſpace de- 
ſcribed, the time of deſcending thro' any arc of the 
cycloid, terminated by the loweſt point A, is conſe- 
quently equal, let that arc be what it will. 
„ | 
102. Hence, if AP=y, AB ga, and d the height 
fallen thro? in a ſecond; then —2dy=wvv, Art. 88, 
whoſe fluent is A—gdy=vv; and when y=4, v is 


Zo, and A=4ad; therefore 2V ad—dy=v: but 
| It „ 
$=24 gy, by Art. 44, or 7 theſe values of 


— . . 2 4 0 ay 
v and 5 wrote into Sg, Art. 82, gives 


2 ay—yy 
=1V ad. If c denotes an arc of a circle whoſe dia- 
meter is à and the fine V ay—yy; the fluent of this 
fluxion will be ct ad, Art. 4, No. 2, and when 
o, c expreſſes half the circumference and 7 the 
time of deſcent thro? half the cycloid DMA. 


83 
103. Hence, if the time of the deſcent thro' half 
the cycloid be half a ſecond, then cg ad becomes 
c V ad, or Acc ad; or 2a: 21t:: aa: 4c. Conſe- 
quently, when the vibrations are performed in a 
ſecond, the length 2@ of the pendulum is to the force 


of gravity 2d as the ſquare of the diameter à is to the 
ſquare of the circumference 2c. 


0. O R. 
Va 


104. Since e=1v/ gives cc lad or c 7 


* : ES 
and - denotes the time of deſcent thro? the diame- 


ter AB, Art. 84, No. 2; it follows, that the time of 
| deſcending 
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deſcending thro' the diameter BA, is to the time of 
one vibration in a cycloid as the diameter à is to the 
circumference 2c. 


C OR. 


— hs e 
105. Becauſe c=tV ad, gives a dit, and the 


ratio of the diameter to its circumference is conſtant, 
as well as d in the ſame latitude: the times of vibra- 
tions by pendulums of different lengths, are in a ſub- 
duplicate ratio to that of their lengths. 


x = fs 

106. If a and 5 are the lengths of two pendulums 
which perform their vibrations in the time f and I; 
then by the laſt “4: Vt: T, or TV a=tV 5; 
and if we ſuppoſe the firſt performs » number of 
vibration whilſt the ſecond performs but one; then 
ut T, and EY a=iv">; becomes nv V b, or 
zna=b. Conſequently, if one of theſe lengths is 
given the other is given likewiſe, 2 


EO 
107. Laſtly, ſince 3.14159, &c. denotes the cir- 
cumerence of a circle, whoſe diameter is unity, 


Art. 53, the equation ax d, (Art. 104.) + being 


unity gives 9. 869 d, when the vibrations are per- 
formed in a ſecond. Hence, if the length of the 
pendulum is given, the ſpace fallen thro' in a ſecond 
is given likewiſe and the contrary. Dr. Hally has 
found by experiment, that the length of ſuch a pen- 
dulum is 39.125 inches in the latitude of London; 
whence, if 242 39. 123, then d 193.0623 inches, or 
d= 16.088 feet; for the height fallen thro' in a ſecond. 

Mr. de Mairand has found that length to be 
440.9778 lines at Paris; ſo that if 242 440. 567, 
we get d g 2173. 9778 lines, or d=15.097 feet for 
that ſpace. ED! Ia | 


The 
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The length of ſuch a pendulum is commonly ſup- 
poſed to be 39.2 inches at London, which is a ming 
as will be ſhewn hereafter, 


EXAMPLE. Hg. 4 
108. Let the body revolve in a bots AM, 
the point fixed, C the focus and A the vertex, to find 
the force P. IH Ag., CM=y; er 


+ ay, by the nature of the curve; whence the equa- 
tion vs cd, in Art. ga, becomes ac=vV ay, becauſe 


d is here a; or vz whoſe fluxion is b 

acc 225 
and fince —P5=vv, by Art. 88, we get P , and at 
the vertex A where y=a, we one F= = 


EXAMPLE. Fg. 41. 
og. Let the body revolve in an ellipſis AM about 
one of its foci C; to find the centripetal force P. 
From the other focus F draw FM, and let a, 6, de- 
note half the firſt and ſecond axis; then CTA 


by 


aich Ae 
vs=cd becomes boy= dc 2ay—yy, or vu = 


1 bb 
. . whoſe fluxion is -b 7 = equal to—Py, 


or e Which ſhews, that the centripetal 
bbyy 


force of a body revolving in an ellipſis or parabola, 


by the nature of the curve. Whence 


about the focus, is as the ſquare of the diſtance 


inverſely. 
EXAMPLE. Fg. 42. 


110. Let the point fixed C be the center of an 
ellipſis; then as the ſum of the ſquares of two ſemi- 
conjugate diameters CM and CN is conſtant, ſuppoſe 
=rr; we have CNS V ry, and CNXCT=ab 


=5V rr—y, by the property of the curve: * 
the 


E 2 


„ re 
* 3 1 * 4 * - , p nr 2 

- ot”: Þ - bh, 
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the equation vs cd, becomes zug f-, becauſe 


Sa here. Hence E ee whoſe fluxion 


is ubs > or P== 


bb 
as the diſtance directly. 


ö 


| 11 11, if 4, then the elipſis becomes a circle and 
cc 


P=-. Which ſhews, that the centripetal force is as 


=7 5 the force P is therefore 


the ſquare of the velocity directly and the radius in- 
verſely; and the velocity, as the ſquare root of the 
rectangle made by the force and radius, likewiſe the 
radius, as the ſquare of the velocity directly and the 
force inverſely, | 


PROBLEM. Fig. 41. 
112. F the centripetal force be as the ſquare of the 


diſtance inverſely, to find the nature of the curve 


_—_— 
- [Becauſe Peu, by Art. 88, 24 P=——by 2 


poſition, we get s whoſe fluent 15 25 
=0v. | Now if the point G be taken in the vertical 


line CA produced, fach that when CM (y) becomes 
CG .or 2a, the Ry v becomes e; then will A+ 


==0,0r —A==, and ſo 3 =vV; if CA=7, and 
Ha a y 4 

the tangent at A be at right angles to CA, when y 
2 Sa, then v becomes =c, and the laſt equa- 


1 


tion -; ce. Now theſe values of vv and cc being 


wrote into vT55=ccdd, the ſquare of vs=cd, gives 


e dci. or if 2ad—dd=db, We get 
0 * os 
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by=s 2ay—yy, which is the equation of an ellipſis in 


reſpect to the foci; a, h, are half the firſt and ſecond 
AXES. | 


| PR. OB LEM; 

113. To determine the periodic time of a body revolving 
in an elligſis about one of its foci. 

Loet T expreſs that time, a, 4, half the firſt and ſecond 
axis, and 7==3.14159, &c. that is, let r denote the 
circumference of a circle whoſe diameter is unity; 
then becauſe 2CAM=car, by Art. go, and when 
the area CAM becomes that of the whole ellipfis, it 
is Sab, then i becomes T, and therefore 2abr =cdT. 

X. 

114. Hence if a, J, d, become equal, the ellipſis 
degenerates into a circle, and 2ra=cT; and as aP=cc 
by Art. 111; the ſquare 4rraazccTT of 2ra=cD 
gives 4arr=PTT. Which thews, 1“. That the cen- 
tripetal forces in circles, are as the radius directly, 
and the ſquare of the periodic time inverſely. 

2%. The radius is as the centripetal force and the 
ſquare of the periodic time conjointly. 

3*. That in the ſame circle, the centripetal force, 
is as the ſquare of the periodic time inverſely. 

4*. When the periodic time remains the ſame, the 
centripetal force is as the radius. 

. 

115. If a body revolves in ſuch a circle that the 
centripetal force be equal to that of gravity near the 
ſurface of the earth. Let d denote the ſpace fallen 
thro” in a ſecond, then 2d=P, Art. 85, and ai'=cc, 
gives c 2ad; and 2ar=:T, becomes 2ar=T V 2ag. 
N. B. The velocity is expreſſed by the number of 


feet deſcribed uniformly in a fecond and the time in 
ſeconds, 


COR. 
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C O R. 
116. If in CA produced to H, ſo that the centri. 
petal force be equal to the force of gravity, at the dif. 
tance CH (+), the force of gravity being unity, we 


have P=—, and by following the computation of 


| | 24—9 242 — 4 
Art. 112, we get hb X 7 Sup, and hb x 2 


or becauſe ad- dd =; we ſhall find hb cd; 
and this value of cd wrote into 2arb=cdT gives 


=c><, 


3 

zra SHT, or 4rra* TT. Conſequently, 7b: 
ſquares of the periodic times of bodies revolving in different 
ellipſes, about the ſame center or focus, are as the cubes 
of their mean diſtances. For 4rr and bb remain here 
the fame. 8 

The famous aſtronomer Kepler was the firſt who 
diſcovered this law by obſervations; that the times 
were as the areas deſcribed by the radius drawn from 
the focus to the body, and that the orbit of all hea- 
venly bodjes were elliptical, and that the planets 
were attracted by the ſun, by forces that are as the 
ſquares of the diltances inverſely. 


© O R. 
117. When y=4 in the ellipſis, ae e 


becomes þ=vV a; and as cd, Art. 116; 
when the ellipſis becomes a circle, we get Y ga, and 
and Bg Va in the circle. It follows, that the ve- 
locity of a body revolving in an ellipfis at the mean 
diſtance is equal to the velocity of a body deſcribing 
a circle at the ſame diſtance. 

CG: ON. 


118. Laſtly, from P == it appears that the cen- 
tripetal 
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tripetal forces of bodies revolving in ellipſis at equal 
diſtances and about different centers, are as the 
ſquares bh of the diſtances CH, from the center C to 
the point H, where the centripetal force becomes equal 
to the force of gravity near the ſurface of the earth. 

Before we can apply the foregoing theory to aſtro- 
nomy, it is neceſſary to know che mean diſtance of 
the earth from the ſun, and this diſt :ince can be ob- 
tained from no other means than by the ſun's paral- 
lax; but this, by all the care and induſtry of the 
aſtronomers, has not yet been dilcovered to any de- 

ree of exactneſs. But to aſcertain ſomething, we 
{hall make ule of the reſult of all the laſt obſervations 
on the tranſit of Venus, given in the Tranſactions, 
which makes that parallax to be 9.732” : and as the 
tangent of that angle is 4718 1,0644, the radius be- 
ing 100000,09000,00000 ; then this tangent is to 
the radius as the ſemi- diameter of the earth (+) is to 
the diſtance required 21194. As the ſemi-diameter 
of the earth is 3959 Englith miles, that diftance will 
be 83,907,046 miles. We ſhall however take 20000 
ſemi-diameters for that diſtance in the following 
computations. 


PERIODIC TIMES. 


Saturn Jupiter Mars Earth 
10759.275, 4332-514, 686.9785, 365.2505, 
Venus Mercury Moon 


244.6176, 87.9692, 27.31. 


Theſe times have been accurately obſerved by moſt 


aſtronomers, and are expreſſed in days and decimals, 
Since the ſquares of the periodic times are as the 
cubes of the mean diſtances, Art. 116, we have 


Mean Diſtances from the Sun to 
Saturn Jupiter Mars Earth Venus Mercury 
190752, 104017, 30472, 20000, 14403, 7742. 
| I 2 Theſe 


m wit - 


- 
LL P, 
1 
L * 
© 
* 
" - 
* 
3 
7 2 
"1 
* 
þ 
f1 


— — 8 
- - — — — — — 
3 — — . — PIO 1 * 4 — 


— 232 
— 


76 op Central Furces, Sect. v. 


Theſe diſtances are expreſſed in ſemi-diameters of 
the earth; and the diſtance of the moon from the 
earth has been found to be 60.11 of the ſame mea. 
ſure. 


Diameters of the Planets. 


Sun Saturn Jupiter Mars Earth Venus 
92.000, 7,260, 9.160, 0.523, 1.000, 1.033, 


Mercury Moon 
0.368, 0.270, 


Theſe diameters are proportional to their apparent 
ones, which have been determined by obſervation, 
Theſe bodies are nearly ſimilar, their contents are 
then as the cubes of their diameters. 


Solid Contents of the 


Sun Saturn Jupiter Mars Earth Venus 

778688, 383-70, 709.53, 0.1420, 1.000, 1. 1023, 
| Mercury Moon 
0.510, 0.020. 


Hence, the contents of the planets are in no pro- 
portion to their diſtances from the ſun, as might have 
been expected, if aſtronomers made no miſtake, 
The ſun is nearly a million of times bigger than the 
earth, and 670 times bigger than all the planets, 
Therefore the common center of gravity of the ſun 
and the planets muſt fall within the ſurface of the 
ſun; which accounts for the ſun's motion being fo 
flow, in compariſon to that of the planets, as to ap- 
pear to be at reſt. 


"Dt 

We have found 27a* =bT in Art. 116. To adapt 
this equation to practice, it muſt be obſerved, that 
when the earth is ſuppoſed in the center of the motion, 
the diſtance is then equal to the ſemi diameter of the 
earth or unity, by ſuppoſition; and as the moon re- 
volves about the earth in 27.32 days, and its mean 
TR > diſtance 
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diſtance is 60. 11; we have af 466.04 which gives 
this proportion 27.32 : 466.04 :: T: 48, or T 


o. 5864. 

From whence we may compare the force of gra- 
vity at equal diſtances, or the quantity of matter, of 
ſuch bodies as have ſatellites, as follows: 

If the ſun be in the center, then having the diſtance 
of the earth a=20000, and the periodic time T = 
365.2505; we get þ=453.82, or bh=205961.67, 


for the quantity of matter in the ſun, when that of 


the earth 1s unity. 

If Saturn be in the center, from Hugens's ſatellite, 
whoſe periodic time is 15.945 days, and its diſtance 
135.65 from the center of Saturn, we get Y 5. 58, 
or H= 31.14. But if Jupiter be in the center, the 
periodic time of the fartheſt ſatellite is 16.6889 days, 
and diſtance 231.74; therefore H 12.25 or hh= 
153.26. Hence, 


Quantity of Matter in the 

Sun Saturn Jupiter Earth 

20596167, 3114, 15326, 100. 
The quantity of matter in bodies that have no ſa- 
tellites, cannot be found by any method we know of. 
As equal bodies placed on the ſurfaces of the pla- 
nets, are attracted by forces, that are as the quantity 
of matter in the attracting body directly, and the 
ſquares of the diſtances inverſely; if then the laſt 
numbers are divided by the ſquares of the ſemi-dia- 

meters, we ſhall get for the | 


 Attraftions of equal Bodies placed on the Surface of the 
Sun Saturn Jupiter Earth 
97135. 2303, 7300, 1000. 
And it D expreſſes the denſity of a body placed in 


the center of attraction, then as the quantity of mat- 
ter 
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ter is as the denſity and magnitude or cube of the ra- 
dius conjointly: we have h =Dy*, or as Pyy h, by 
Art, 118, we get PS Dy. If therefore the laſt num- 
bers are divided by their reſpective diameters, we get 


Denſity of the 


Sun Saturn Jupiter Earth 
2116, 657, 285, 1000. 


Which ſhews that the denſity of the ſun is ſome. 
thing more than twice that of the earth, and thoſe 
of Saturn and Jupiter lels. 

We have given ſome of the principal applications 
of the general laws of motion laid down in this ſec- 
tion, and which are particularly uſeful in aſtronomy , 
as to thoſe generally given, when the centripetal 
force is as any other power of the diſtances, have no 
foundation in nature, we have purpoſely omitted 
them, as a mere ſpeculation. 


Problems of the Greateſt and Leaſt QUANTITIES. 
L E M M A. Fig. 43. 


119. If from any two given points D, K, in à line 
AC, tbe indefinite lines DE, KT, are drawn at right 
angles to AC; and if a, m, are two conflant quantities: 
It is required to draw lines from the given points A, C, 
to a point Lin DE, ſo as ax AL—mxKN Hall be the 
leaſt poſſible. 

Let the angle DAE be ſach that the radius is to 
its ſine, in the compound ratio of a to n and of CD 
to CK, then the point E will He the required one. 
From the point D and any other L in DE, the lines 
DF, LP, are drawn at right-angles to AE; then 
becauſe, 1*, CD: CK::DL + KN, or, 2%, ax CD: u 
x CK: ax DL: mc KN: and the right angled ſimi- 
lar triangles EPL, EFD, and DEA, give, $7. DL 

:FP::{LE: PE::)JAD: DF; but, 45, AD: DF: : a 
x CD: mx CK by conſtruction: therefore (No. 2, 3, 


4 


r 
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4). DE; FP a DL: mx KN, by equality of ra- 
tios, or ax FP =mx KN. Hence, ax AL—mxKN 
becomes equal to axAL—+FP, or if upon AE. we 
take AM=AL, then 2X AL. KN, or its equal 
a AL e, becomes ax AF A. PM: Which will 
be the leaſt of all when PM, vaniſhes, becauſe AF 
is conſtant; and this will happen when the point L 
falls upon the point E. 

This lemma includes both M*Laurin's given in 
Art. 572 and 578; whereby all the problems called 
iſoperimetrica] are ſolved in the moſt clear and elegant 


manner, without making uſe of any higher order of 
fluxions than the firſt. 


6 
120. Hence, if CK=d, CD=y, DE x, and 
AE ZZ, then DA: DF or ay: md::AE(s): DE(x) 
or axy =mdz, when ax AL—mxKN is the leaſt poſ- 
ſible. It muſt be obſerved that the radius DA muſt 
always be greater than the fine DF, or ay greater 


than md, of the angle DAE, otherwiſe the problem 
would be impoſſible, | | 


. 

121. If the point K coincides with the point D, 
or which is the ſame, when CD and CL become pa- 
ralle], CK becomes equal to CD; that is, y=4, and 
KN=DL; therefore ax mz, when ax AE—mx'DE 
is the leaſt poſſible, and this will be when the radius 
AD -is to the fine DF as à is to or in a conſtant 
ratio. 

OK. 
122. It is manifeſt, that when ax AL-mxKN 


is the leaſt poſſible— AL. — -KN is likewiſe the leaſt 


pollible, ſince both expreſſions give the ſame con- 
ſtruction; or from that either the greateſt or 
leaſt expreſſion, divided or multiplied by the 

| | lame 
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ſame conſtant quantity am, does not change the 
queſtion. 


123. It is equally manifeſt, that when the firſt term 
ax AL or — AL of the expreſſion is conſtant or given, 


the ſecond RN or N will be the greateſt poſſi - 
ble, when Xx AL. KN, or = AL—-KN is the 
leaſt poſſible. Since mXKN « or -KN may increaſe 


I 
from o, but can never exceed a AL or —AL. 


n 
124 On the contrary, if the ſecond term mx KN 


or -KN is conſtant or given, the firſt ax AL or 
—AL will be the leaſt poſſible, when ax AL—mn 


XEN or 2 AL—IKN: is the leaſt poſſible. Since the 


firſt term "Was Wesen ever ſo much, but can never 
become leſs or equal to the ſecond. 


PROBLEM. Fig. 39: 


123. To find the line DMA, arawn thro" tw 
given points D, A, ſuch that a body ſpall deſcribe 
it in the ſhorteſt time poſſible, beginning to move from a 
fate of reſt, and being atted upon by the force of gravily 
only. 

_ Draw the horizontal line DB and AB perpendicu- 
lar to it; and from any point M, the line MP paral- 
lelto PB: then if AB=a, AP Y. the arc DM x, 

PM =x, 


* * ö 
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PM x, c, a conſtant velocity, and v the velocity at 


2 . * . 
M : Hence 7 expreſſes the fluxion of the time in 


deſcribing the arc DM by Art. 84, and 5—5 the 


leaſt poſſible, when vz=cx, by Art. 121. Now, 
when the point M coincides with the loweſt point A, 
where X==Z, we have bc; ſo c denotes the voloci- 
ty of the body at A: But the velocity at M is to the 
velocity at A, as the ſquare roots of AB and AP, by 


Art. 84, No. 2, that is, Ay: Vat: c. Hence 
2 Ae a4, this e and £* —5* wrote for its 


ay. 
equal & gives ) =y2* or K 7 whoſe fluent is 


2=2V ay +; which is the equation of the common 
cycloid by Art. 44; BD its baſe and AB the diame- 
ter of its e cirele, when P=0, 


PR OB L E M. Eig. 39. 


126. If the length of the curve AMD be given, er re- 
mains the ſame, to find its nature ſuch that the area ABD 
ſhall be the greateſs poſſible. 

If AM=z, PM=y , AP=x, and a a conſtant quan- 
tity; then will ax=yz, when az—yx, is the leaſt poſ- 
ſible, by Art. 121; and as the fluent of as is given b 
ſuppoſition, that of yx of the area AMP, will be the 
greatelt poſſible, by At. 123; but ax=yz is the equa- 
tion of the circle, by Art. 4. N. 2; ſince the fine y 
13 to the radius a, as the fluxion * of the coſine is to 
the fluxion of the arc AM. 

It is no lefs evident, that if the fluent of yx, or the 
area ABD, is given or conſtant, the rectangle az or 
becauſe @ is given, the arc 2 will be the leaſt poſ- 
ble, by Art. 124. 


„ 
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PROBLEM. 

127. Tf the ſurface deſcribed by the arc AM, about 
the axis AP be given; to find the nature of the curve ſuch, 
that the ſolid deſcribed by the area AMP, in the rotation, 
ſhall he the greateſt poſſible. _ 

It is evident, that when ar- is the leaſt poſ- 
ſible, we have ab , by Art. 121 ſince the radi. 
us will be to the ſine of the angle made by the or- 
n PM and the tangent 1 U as ay to , or as a 

oy. Conlequently the curve is again a circle. As the 
Mint of ayz denotes the ſurface deſcribed by the arc 
AM, when a is the circumference of a circle whoſe 
radius is unity, which being always the ſame, the 
fluent of n or the ſolid will be the greateſt poſ- 
ble, by Art. 123. 


Eno . 


128. Hence, of all ſolids of the ſame boundar 
the ſphere is the greateſt, and of all equal ſolids the 
ſphere has the leaſt boundary. This has likewiſe 
been proved in Art. 32. 


GENERAL COROLLARY: 


129. If the radius be to the ſine of the angle at M, 
or which is the ſame, if & be to x as Ay+Byy+Cy7, 
is toa+by + ov, and S bya+by + y—x by, Ay+ 
By - Cy, is the leaſt poſſible ; we have S x by Ay+By* 
+ Cy3 =xX by aby +cy*, by Art. 121; therefore, if 
the fluent of 2x by, a+ by 1 0 be given, chat of & X by, 
Ay+byy +Cy*, will be the greateſt poſſible by Art. 
1233 and on the contrary, when the fluent of & x by 
Ay+By* +Cy* is given, that of S by, a+by +99, 
will be the leaſt poſſible. 

Obſerve that the coefficients a, B, c, AB; Co 
are ſuppoſed conſtant but indetermined ; and that 
any one or more of them may be unity or o. 


To 
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To ſhew ſome particular example of this general 
expreſſion, let the length of the arc AM, and the 
ſurface deſcribed by it about AP be given. to find 
the nature of the curve, ſuch that the ſolid deſcribed 
by the area AMP in that rotation, ſhall be the greats 
eſt poſſible: if we make Ar Cg cg, and B=1, 
we ſhall have zyy=ax+byz for the equation of the 
curve required. And the ſum of the length of the 
arc AM, and the ſurface deſcribed by it, will be the 
leaſt poſſible, when the ſolid is given. 


EOF: ON vr 


The. MOTION of FLUIDS and the RES IST. 
ANCE of BODIES. TY 


L EM M A. Fig. 44. 


130. NH E force by which a fluid [trikes a plane in 
a perpendicular direction, is to the force by 
chic it ftrikes it in an oblique one, as the ſquare of the 

radius is to the ſquare of the ſine of the incident angle. 
With the radius CA deſcribe a quadrant DBA of a 
circle, draw the radius CB at pleature, and from the 
points D, B, the lines DL, BY, perpendicular to 
CB, CA; then if the radius CD expreſſes the abſo- 
lute force of the fluid in a perpendicular direction, 
DL will expreſs its effect againſt the inclined ſurface 
CB; or becauſe of the equal right-angled triangles 
CLD, CPB, DL is equal to CP, ſo that the abſo- 
lute force CD in a perpendicular direction, is to the 
relative force in an oblique direction CB, as CA is to 
CP: Now the number of particles ſtriking the 
oblique plane CB, at the ſame time as CA is CP; 
the abſolute force that ſtrikes a plane CB, in a per- 
pendicular direction, is therefore to the part that 
ſtrikes it in an oblique direction, as the ſquare of the 
K 2 radius 
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radius CA is to the ſquare of the ſine CP of the inci- 
dent angle DCL or CBP. | 
| C.:.0 N. 

131. Hence unequal planes differently - inclined 
are ated upon by forces which are in the com- 
pound ratio of theſes planes and the ſquares of 
the ſines of the incident angles. For let P, Q, R, 
denote the forces which act upon the planes CA, 
CB, CE, reſpectively; then will CA* : CP*::P Q. 
by the laſt, and the forces acting upon inequal planes 
CB, CE, equally inclined, are as theſe planes, that 
is, CB: CE: : Q: R, and the compound of theſe two 
proportions gives CBX CA“: CEX CP“: P: R. 
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132. If a machine be moved by means of a water. 
wheel, to find the velocity of that wheel, ſuch that the 
machine ſhall produce the greateſt effeft poſſible. 

Let a denote the uniform velocity of the ſtream, x 
the velocity required : then will a—x be the velocity 
by which the ſtream acts upon the wheel; and as the 
force of the ſtream is as the ſquare of the velocity, 
by Art. 131, a-, repreſents the force acting up- 
on the wheel, and the velocity » multiplied by the 
force gives xXx a—a\ for the momentum of that 
force, by mechanics; which muſt be the greateſt poſ- 
ſible : therefore & x= — 2XXX -N: hence, 
ga, which ſhews that when the velocity of the 
wheel is one third of the velocity of the ſtream, the ma- 
ebine will produce the greateſt effect poſſible. 

o 
133. Hence, if the value of x be wrote into 
the momentum xXx a—od*, we get 274 for the 
greateſt momentum poſſible z and a- gives 42s, 
tor the weight thereof in this caſe ; that is, if the ma- 
| | chine 
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chine be ſo loaded as to remain juſt at reſt, then by 


loading it by + of that weight, it will produce the 


greateſt effect poſſible ; ſetting aſide all friction or 
impediment. 


L E M M A. Fig. 45. 


134. The fines and coſines of any two arcs of a circle 
being given, to find the fine and coſine of an arc equal 40 
their ſum. 

Let BE, MP, be the ſines of the arcs BM, MA; 
BL the ſine of the ſum BMA, draw ED, EQ per- 
pendicular to BL and CA: then becauſe the angles 
CEQ, DEB are equal the right-angled triangles 
CQE, BDE are ſimilar to the triangle CPM; and if 
the radius CM be unity, we have, 1“. CM: CP:: 
BE: BD=CPxX BE, and CM: CE::PM : QE=CE 
xPM. Now fince the ſum of BD and QE is equal 
to the fine BL, we have BL.=CPÞP x BE-CExXPMz;z 
that is, the ſum of the rettangles made by the ſine of 
one arc and the coſine of the other, is equal to the ſine of 
the arc equal to their ſum. 

2%, CM:CP::CE: COP CE, and CM:PM 
2: BE: DE=PMxXBE; and as the difference be- 
tween CQ. DE, is equal to the coſine CL: we have 
CL=+CPxCEFPMXxBE, according as the arc 
AB is leſs or greater than a quadrant. Hence, the diffe- 
rence between the reftangles made by the coſines and by ihe 


fines of any two arcs, is equal to the coſine of an arc 
equal to their ſum. 


PRO B L E M. Fig. 46. 

135. The angles which the wind makes with both the 
axis and ſails of a wind mill, being given; to find the 
force with which the mill turns. 

Let CA be the direction of the axis, CQ that of 
the ſails, ſuppoſed to be flate, and CM that of rg 

win 
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wind. From the center C deſcribe an arc AM; 
draw MQ, AL perpendicular to CF and MP to Ca: 
then becauſe the force of the wind againſt the ſails, 
being as the ſquare of the fine QM of the incident 
angle FCM, by Art. 130; if we take CD equal to 
QM perpendicular to CQ, and draw DE. perpendi. 
cular to CA; then will CD be to DE as the force of 
the wind to its part which turns the mill. Now, if 
the fine PM=x, the fine QM==y, and the radius 
unity, then will CP=V 1—xx,. CQ=V 1—y and 
CL=V 1i—» x V 1—xx—xy, by Art. 134, Ne. 2: 
and becauſe CM is to QM, as the abſolute force of 
the wind is to its effect againſt the ſails, if the abſo- 


Iute force be unity, we get y* for the force in the di- 
rection QM or DC; and becauſe of the ſimilar tri- 


angles ACL, CED, we have AC(1): CL(V I= 
#1=xx—29)::QM or CD( Y): DE=3*V i—yx 
V 1—xx—xy?, for the force in the direction perpen- 
dicular to the axis CA. = | 

| N 


136. Since then the force by which a wind- mill is 
turned, depends upon the ſines of the angles made by 
the direction of the wind and poſition of the ſails in 
reſpect to the axis, it is therefore neceſſary to find 
what theſe angles ought to be, to produce the great- 
eſt effect poſſible. But as there are two variable quan- 
tities, one muſt be ſuppoſed conſtant, and then the 
other; for conveniency we ſhall ſuppoſe firſt the ſine 
4 of the angle MCQ conſtant. Now it is plain that 
the force y*V 1—ywV IX - y, increaſes while x 
decreaſes; for V 1—xx increaſes and —xy* de- 
creaſes ; and therefore the force will be the greateſt 
poſſible when x S, or when the direction CM of the 
wind coincides with the axis CA, let the ſails make 
what angle they will with the axis. This agrees with 
the common practice. _ 


Now, 


a» mw a  @&@ co» 0 


* 
. 5 
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Now, the direction of the wind being ſuppoſed to 
coincide with the axis, the next inquiry is what angle 
the fails are to make with the axis: when x=, the 
expreſſion of the force becomes y* V I=, which 
ought to be the greateſt poſſible , therefore its fluxion 
being made D, gives 2y—29*=y?*, or = Ih and 
the angle correſponding to this ſine is 1 
o 

137. If now, AC repreſents the direction of a ſhip, 
and CD the rudder, the reſt as before, we ſhall draw 


the ſame concluſions as we have done in regard to 
the wind- mill, viz. 


1. If the direction of the ſhip is in that of the 
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current; the rudder CD ought to make an angle of 4M 
54*, 44 with the ſhip, to make it turn round with v8 
the greateſt force poſlible. is 1 

25, When the direction of the wind is in that of N 


the ſhip, the ſails ought to be at right- angles to them. 
Since then the fine QM () becomes equal to the ra- 


dius CA; and its ſquare, which expreſſes the force, 
will de the greateſt poſſible. 


To find the angles made by the ſhip, wind 
and ſails ; we ſhall* ſuppoſe y conſtant; and if 5 
be the coſine of the angle QCM ; then the force yy 


* I—yy +y? ix becomes A I xx, 
whoſe fluxion being made =o, gives I u. 
the ſquare of Which is G- *, Or S 


„ Y, or becauſe ss =, $5=xx and 5=x, or 
S, Which ſhews that the fine of one angle mult 
be equal to the coſine of the other. 

This gives two different caſes z when the direc» 
tion of the wind is between that of the ſhip and that 


of the ſails, as in this figure the angle ACQ mull be a 
right one, 


r -4 
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But when the direction CM of the wind is on one 
fide, and the ſails CF on the other to that of the ſnip 
CA, as in Fig. 47; the ſine MP(x) becomes negative, 
and equal to the coſine of the angle FCA. 

Now, as in theſe two different diſpoſitions one muſt 
be preferable to the other, we are then to find which 


of them, makes DN I- 7 1 —xx the greateſt, 
In the firſt caſe, when 14 angle ACF, Fig. 46. is a 
right angle, the fines x, y are both poſitive, and 


* i- 1— 95, by the laſt, and hence the expreſſion of 
the force becomes y*. In the ſecond x becomes ne- 


gative, and that of the force is —yyxV 1—xx+57 


V1—xx, which by ſubſtituting the former value x 
becomes 2y*—y*?. Hence, becauſe y muſt be leſs 
than unity, the Grſt expreſſion y* of the force is 
greater than the ſecond 2y* —y* ; which ſhews that 
when the direction of the wind is between that of the 
ſhip and the fails, and the angle ACF is a right one, 
the ſhip ſails with the greateſt velocity poſſible; and 
this caſe yy+xx=1, wherein y may be greater equal 
to, and leſs than x. And when Br, then will 
xx =; and the angle FCA, 54% 41 

The ſhip cannot always fail in the beſt manner; by 
making the fluxion of the force 2y*—y* equal to o, 
we get y and ſo xn, gives the belt poſition in 
this caſe. 
The Chevalier Renau wrote firſt apon this ſubject in 
the year 1689; the famous John Bernoullie wrote 
againſt him in 1714, pretending that the Chevalier 
had been miſtaken in ſome caſes. But, according to 
what has been ſaid here, both of them ſeem to have 
been miſtaken in ſome caſes; however, their works 
are ſo full of mathematical learning as to deſerve be- 
ing peruſed by the curious. 


PROBLEM 


P. R O BI. E M. Fig. 48. 


1 31 8. Let a crooked tube ABCD of any diameter be 
filled with water to the height LK; to find the time and 
velocity" of the deſcent and aſcent of the water.” © 

Let d denote the mean length of the tube filled 
with water, x the length of deſcent in one branch or 
aſcent in the other, v the velocity, and 7 the time; 
then will & =, by Art. 81; and if n, u expreſs the 
fines of the angles A.. DC of inclination of the 
branches, the radius being unity: then the whole 


10 is to as the weight of the water (1) is to 


7 7the weight | in the direction of the branches, and the 


Abo i £ 


abe is to os ane mor n as the weight > 7 in the a 
rection of the branches to their effects 5 5 7 1 


the mates) direction. Whence the f force of accelera- 
tion, equal to the ar between the quantities of 


water in both branches, will be = and r 


Sud, by Art. 82; whoſe fluent is n A= 
vv. No if x becomes a when 1 =; then Aman, 


and if ; a9—XX=Jy, the fluent becomes 11 +1X deu, 


or 9 de,; this vefüe dt © wrote into x, 
gives WE=57 Fn. Whente if 2 denotes an arc of 


a circle whoſe radius is @ and fine y, we get Ha, by 


Art. 4. No. 2, and ſo 4 Vn Eu, whoſe flu - 


ent is ad 21 En m+1; and when ald the ſemi- 
circumference, the ratio of z to à is conſtant, and che 


time f that of the whole deſcent, which capt Is 


always the lame, let that deſcent be what it will. 
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ee 
139. Since the oſcillations of pendulums are in a 
ſubduplicate ratio to that of their lengths, by Art. 10, 


a pendulum, whoſe length is 


FD will perform its 


vibrations in the ſame time, that the water aſcends 
and deſcends | in the tube, 


PROBLEM. " 49. 


| 140. The denſity of the air being every when as the 


ferce of compreſſion, to find its denſity at any given height 
form the ſurface of the earth. 


Let BM be the logarithmical curve, AV its 
alymptote, AB the ſurface of the earth, and PM any 
ordinate, If AB=x, PM=y, PV u, and a a con- 
ſtant quantity or the ſubtangent; then will 4 Du, 
by the property of the curve; and ſince the denſity is 
proportional to the preſſure, % ore it equal ay, will 
exprels the fluxion of the denſity, and therefore ay the 


Out ae 

COR. 
141. If AP=x, then as the fluent of aj=yh, is 
a log y gu, by Art. 57; and when y=n, then 
axlog.n=AV , by ſubſtracting the firſt equality from 
the laſt we get ax log.n—axlog.y=AV —PV=x,or 


Sales | Therefore the denſity 2 at the ſurface be. 


ing given, the height x which anſwers: to any ther 
_ y may be determined. 


CO: R.. 


142. Hence if 4 expreſſes the denſi ity of quickſil- 
ver, and b the heigh TP a column of quickſilver equal 
to the weight of of atmoſphere, ſtanding upon the 
ſame baſe; then as an expreſſes the weight of a 
column of air at the furtace, we have an=db, and 


| | therefore, 
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therefore, the ſpecific gravity of the air and quickſil- 
ver being given together, with the height & of the 
mercury, the height of a column of air uniformly 
denſe with that at the ſurface, which is equal to the 
weight of the atmoſphere, will alſo be given. 


C OR. 


143 Hence, the weight of the atmoſphere increaſes 
or decreaſes as the mercury riſes or falls in the glaſs; 
which never riſes above thirty-one inches, nor falls 
lower than twenty-eight: theſe two numbers denote 
the extremes of the atmoſphere's weight. Mr. Cotes 


affirms the quickſilver to be 11900 heavier than air, 


or 14000 to 1; and Sir Jaac Newton 118903 
whence if we ſuppoſe þ=31, d=11900 and z=1, 
we get an=4bþ=31X 11900= 368900 inches; or a= 
30742 leet, Os 5 

We have here conſidered gravity as uniform; but 
when the particles are attracted like other bodies, the 
problem will be different, in the manner following: 
Let C repreſent the center of the earth, CA=r 


the radius, and the reſt as before : then will Wg 
xl 


be the fluxion of the denfity or preſſure at P by ſup- 
poſition, and if in CP we take CP: CA: CQ; 


rr 3 "FS 
then T＋ x= 05 whoſe fluxion is F Now the 


values of & and i being wrote into the fluxion of 


the preſſure, gives. Whence, if the curve BNR 


be ſuch that the ordinate QN be always equal to the 
correſponding one, PM, thearea CQNR divided bythe 
ſquare of the radius r, will expreſs the preſſure at P. 
Becauſe the denſity PM at P is as the preſſure above 
it, its fluxion 5 is in a conſtant ratio to the fluxion 


* , 2 — 0 D 
n Or to its equal 8 7 and ſince is to as 2 to 
1 +x — 3 


2 


rr 


_— 
| = 
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— — by diviſion ; the logarithm of 0 will be to 2 in a 


wen ratio: the curve BNR is therefo a logarith- 
mic reverſed, and equal to BMT ; and ince AB is a 
common ordinate to them both, they muſt alſo have 
the ſame Wi a: i ay=y%, and 


ay 12 . 


gy £ whoſe fluent 2 = gives 7. for the preſſute at 


the ſarface A, and Sa iginex oly=z and, aln=r. 


Therefore. aln—aly or al-= =f—2: : buc as ene 


get e Now 2 x is but very. {mall in 


compariſon to the radius 1 of the earth, the at- 
traction can cauſe no ſenſible error in che diſtance 


. 


PROBLEM. fig 50 
WIT 7 be genf ty and elaſtic force of a medium being 


| t to find the velocity and time of a 9 produced 


by a tremulous body in that medium. 

Suppoſe che medium placed in AC, to be moved 
from C towards A by the pulſe, ' whoſe, extreme diſ- 
tance is AC, ſo that when the pulſe ceaſes, the ela- 
ſticity of the medium cauſes the particles of the me- 


dium to return to their former ſituations, and when 


the pulſe moves backwards, it will move the medi - 
um on the other fide of the point C, at an equa! diſ- 
tance CB to the former CA, and then ceaſes again; 
fo that the pulſe will continually move the particles 
of tne medium forwards from C to A, and back- 


wards from C to B, as long as they continue: but 


while the medium placed in AC is moved from C 
to A by the pulſe, the medium placed in CB, will ex- 


pand itſelf by its elaſtic force from B to A, ad when 


the medium i in Be. is moved from C to B by the 
pülſe, 


. 
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pulſe, that in AC expands itſelf from A to B by its 
elaſtic force: and for the ſame reaſon, when the me- 
dium in CA is moved by the pulſe from C to any in- 
cermediate point P, the medium in CB expands it - 
ſelf from B to P; the accelerative force in any point 

is therefore as the difference between the forces of 
expanſions from A to P-and from B to P; or which 
is the ſame, between the forces of the pulſe that 
moves the medium from C to P, and the elaſtic 
force which dilates the medium BC from B to P. 
I A denotes the height of the medium of an uni- 
form denſity, equal to that in which the pulſes are 
made, CA=a, CP x, v the velocity, and t the 
time of motion from C to P; then as the elaſtic 
fotce is as the denſity and altitude of the medium by 
ſuppoſition, the rectangſe aA will expreſs the elaſticity 
of the medium in its natural ſtate, and this force is 
increaſed in the motion from C to P reciprocally as 
AP the ſpace into which the medium AC is reduced; 
that is, the force at P in its return from A to P will 


21:3. WAA 2 $2 8" & + Sogn a 1 
be as SY and for the ſame reaſon, the force of ex- 


panſion of the medium in BC, to BP, will be as 


aA 3 Wi .. $83 
; and their difference ————— or. — 
r | | A—X 4a+-X ad —XX 


will expreſs the accelerative force at P: but on ac- 
count of the extreme ſhortneſs of the pulſes, xx may 
be neglected in the denominator, without any ſealible 


error, and therefore -A expreſſes the accelerative 
SE 254 | 8; ©; 42M 


3 3 
force, which multiplied, by &, gives ut, 


2 _ . 
by Art. 82, whoſe fluent is B————=0Vz but at 


the 
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the point A, where v=o and x=a, we get Bg 2 Aa, 
"= AS, 

and ſo Na —XXZZVV, | 

Nov, if from the center C, a circle be deſcribed 

thro' the points A and B, and the ordinate PM 

drawn, and we make PM=y, the arc AM=z; then 


2A . 
yy=aa—xx, and TE 5 Vs or y s, and this 


\ 


value of v wrote into #=vi, Art. 81, gives 7 
PS e 

— or becauſe Sy a, by Ari. 4, Ne. z, we get 
za, whoſe fluent is 2 = 2aA; and when 
2 becomes the ſemicircumference AMB, 7 expreſſes the 
time of a pulle going from C to A and returning from 
A to C, which is therefore conſtant, let the extent of 
the pulſes be what it will. | 


__— =! 
145. Since vo; when y=a, at the point 


C, we get 24A—=vv, or V 22A=v. Now, if þ ex- 
preſſes the height chro* which a body falls in a ſecond 
then becauſe the times of falling bodies are as the 
ſquare roots of the ſpaces fallen thro', by Art. 84, 
: | — _ 9 
N®. 2, we have 5 to Va, as one ſecond is to — 


the time fallen thro' 4 expreſſed in ſeconds; and the 


— | E 170 TIF WER 
ſpace / 24 divided by the time —, gives V 25 


Dr for the ſpace moved over uniformly in a ſecond, 


with the velocity v. 7 
bet COR 
1456. It is manifeſt that velocity of pulſes, or the 


ſpaces uniformly deſcribed, in a ſecond, are as the 


ſquare root of the altitude A, in the ſame latitude; 2 
S t 


* 
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the velocity v is alſo in a ſubduplicate of the elaſtic 
force directly and denſity inverſely, ſince Aa ex- 
preſſes the elaſtic force and à the denſity, by Ari. 144. 

147. The number of pulſes propagated, is always 
equal to the number of vibrations of the tremulous bo- 
dy and no more, For when the particle at C is moved 
by the pulſe from C to A, it will return again to C by 
its elaſtic force, where it will remain unleſs it receives 
a new motion either from the impulſe of the tremulous 
body, or from the pulſes propagated by the body. 
As ſoon, therefore, as the pulſes ceaſe to be propa- 

ated, the motion likewiſe ceaſes. It may be obſerved, 


that the velocity here determined is not abſolutely 


true, ſince in — —vs, we have neglected xx 
in the denominator; and the true fluent is 24A x by 
log. aa xx, and 24A log. aa , or 24K log. ag u 
the value of v found before is however near enough 
in all caſes where the motion is not very intenſe or 
quick. 
| | REMARK. 


The foregoing principles may be applied to the 
motion of ſound, ſince it is excited by the tremulous 


pulſes of bodies, as experience ſhews. As the alti- 
tude A has been found to be 30742 feet, by Art. 143. 
and þ=16.1, by Art. 107; therefore 32.2X 30742 
=989892.4, whoſe ſquare root gives 994.93 feet 
for the diſtance the ſound moves over in a ſecond. _ 
Sir Jaac Newton finds 979 feet for that diſtance, 
becauſe he takes the altitude A ſomething leſs than we 
have done. But as this does not agree with the ex- 
periments, he adds 109 feet for the thickneſs of the 


particles of the air; and as this is not yet ſufficient, he 
ſuppoſed the motion of ſound increaſed in the ratio of 


20 to 21, by the vapours floating in the air; then by 


1142 feet. 
7295 Bat 


means of theſe additions he finds that diſtance to be 
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But as theſe ſoppoſitions are not grounded on any 
facts, I rather imagine that the altitude A has not 
been rightly determined,' and for ſeveral reaſons. | 
19%, The denſity of the air is ſuppoſed to decreaſe 
from the ſurface upwards in the ratio of rhe ordinates 
of the logarithmic curve, but the particles near the 
ſarface being heated by the reflection of the ſun's rays, | 
whereby they ate more rarified than higher up. | 
2% The air being loaded with vapours more or 
leſs, muſt needs vary that altitude,” © : 
3, The air being ſo very light in ebm periſon to 
other bodies, it is extfemely r- to determine 1 its 
denſity 7 al Dodd 
It, appears therefore to me more bpþedieat to de- 
tertnine the altitude A from the known velocity of 
the ſound, than this from the other, which may be 
done as follows: divide the ſquate 1304164 of 1142 
feet by 25,32. 2), which gives Az:40502 feet for 
the true medium altitude of the air, or Ag 486024 
inches. | 
And becauſe an—ab, by. Art. x42, the altitude 
4.486024) of the atmoſphere 1 is to the altitude þ( 31) 
of the quickſilver, ſo is the ſpecific gravity 401400) 
of the ſpecific  grayity x of the air, and therefore 
, or , nearly; whereas it is marked - +.in 
the tables of Mr. "Cotes. and generally ſuppoſed unity. 
As the velocity of found has been determined by a 
great number of experiments, which were made by 
feveral eminent men, fuch as Dr. Hally and Derbam, 
and different times and diftances, we have great rea- 
ſon to believe that this velocity has been much more 
accurately determined, chan the ſpecific, gravity by 
hiydroſtatics, becauſe of the greac difficulty there is 
in, weighing lo ſthall's volume of o very light a ſub- 
ſtance. | 
What ub this ter chin, beyond | all ex- 
ception, are the ſeveral e accurate experiments made at 
Minorca, 


3 
9888 
"SR 


to Fluids. 97 
Minorca, by General Williamſon, and ſeveral other 
officers of artillery, in order to determine the beſt 
length of guns; and we ſhall prove hereafter, in Art. 
182, that the ſpecific gravity of air cannot be unity, 
much leſs greater, if theſe experiments can be depended 
upon, of which there is no doubt, becauſe I had it 


from moſt of theſe gentlemen, beſides the General 
himſelf. 


PROBLEM. Eig. 51. 


148. The dimenſions of a cylindric veſſil, ABCD, 
conſtantly full of water, being given, as well as the dia- 
meter LM of the orifice in the bottom, to find the quan- 
tity of water that will run out of it in a given time. 

Let z expreſs the quantity of water in the veſſel, v 
the diſtance of its center of gravity from the bottom; 
then zv will expreſs its momentum againſt the ori- 
fice, by hydroſtatics, whole fluxion is zv+zv. Now 
if the height AB=x, the ſurface BC gn, that of the 
orifice LM=z; then will nx , by ſuppoſion, and 
the fluxion mx multiplied by the diſtance x gives mxx 
for the fluxion of the momentum likewiſe. Therefore 
uA = MXN. But when the ſurface BC deſcends to 
EF, it is plain that the quantity of water run out at the 
orifice muſt be equal to that contained in the ſpace 
EBCF; and becaule the velocities of equal quantities 
of water thro? different openings, at the tame time, are 
as theſe openings inverſely, by hydraulics : if a de- 
notes the heiglit thro* which a falling body acquires the 
velocity of the water at che orifice, then will wn: nn:; 


Er: KATx to the height thro' which a fal- 
mm 6 


ling body would acquire the velocity of the water 
paſſing thro' the ſection BC. And face the momen- 
tum of the preſſure in any other lection, is equal to 


M the 
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the difference of the momentums at BC and LM, the 


4. 18000 „ „ — 
fluxion „ of the height i . Subſtracted from 


N pre 1 py 11S g « 
the fluxion & of a+x, gives — ng for the height 
2 


thro' which a falling body would acquire the 
velocity of the deſcending water, and this multi- 


plied by the ſection BC(m) gives mi for the 


fluxion of the quantity run out in the time of the de- 
ſcent thru' BA, and fince 2 expreſſes likewiſe the 


,' +, - > Wop 
floxion of that quantity, we have Z=mF——— ; now 
m 


this value of 3 and me that of z found above being 


TORE . "ra > 3 
wrote into ZU+-ZU=MmxX, gives UX— =, 


after having divided by m, or if we make en 
mn 


we ſhall have vxr+Vx=xx. 

To find the fluent of this equation, multiply both 
ſides by >”, then will ru + U xx", whole 
fluent is b Te, or dividing by x” and reſtoring 


mm v 
the value of 7, we get V=— — 


2mm —nn 

When the veſſel is not kept conſtantly full, that 
is, when it is not ſupplied by ſreſh water as it runs 
our, the deſcent of water will no more be uniform as 
before, but accelerated, and therefore, the height thro' 
which a falling body acquires the velocity, will be 
leſs at BC in proportion to that at the orifice ; that is, 
we mult from 2+ fubſtract _ in order to get 


2N— 
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. 
28577 for the medium preſſure, and hence 2 
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= by following the ſame ſteps as above, we #7} 

ul 

mall have 2, in this caſe. Fol 
2 eee i 

This is the demonſtration we promiſed in our ele- 90 

ments of mathematics, page 273, it differs very little j bt 

from what Sir J/aac Newton ſays in his Principia, 1 

Book II. firſt Cor, alter Prop. 36, but anſwers ex- 48 
actly his correction in that Prop. Daniel Bernoullie 5 
has treated this ſubject very copiouſly in his Hydrodi- M 
namicæ, but what he ſays in page 37 is quite a miſ- Ml. 
take, | Us 
6 0 
149. Hence if KP, be perpendicular to the mid- 3 
dle P, of the orifice, and equal to twice the height 1 


thro! which a falling body acquires the velocity of 
the water iſſuing thro' the hole, and the curve BL, 
CM, be ſuch that KI: KP:: l.“: 18“; the velocity 5M 
at I will be to the velocity at P, zs KI is to KP: by | 
Art. 559 of our Elem. and by the revolution of this 
curve about the axis KP, forms the cataract BLMC 
of the water, whole property is ſuch that its content 
expreſſes the quantity of water which preſſes upon the 
orifice in the fame manner as if the re{t was congealed 
into ice. And therefore the other part of the water 
contained in the ſolid deſcribed by Moe, expreſſes 
the quantity which prefles upon the ring velcribed by 
MD, in the rotation. 
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PRO B L E M. Fig. 52. 


150. F in the middle of the orifice LM, there was 
placed a ſmall circle ab, deſcribed about the center d, to 
find the quantity of water ach, ſupported by that circle. 

Imagine the figure 51 to revolve about CD, ſo 
that MD and CD, in this figure repreſent the radius 
ad, and altitude of the ſolid acd, ſupported by the 
ſmall circle ab; and call KI=a, IP =x, IC ö, 
PM =y, MD =, : ther will yz; and by the 
property of the curve, we have a: a+x:: y* : 5, or 


4 5* 
3 or becauſe y=b—2z, NE 4, 
** b—%z 


ER a 
whoſe fluxion is K . 3 therefore the fluxion of 


the ſolid wo by MCD, will be as zz, 
4.42% *b* +. ab 4b2Z* —2*, 
, Whoſe fluent is xy ——— 
hz \ 3 X b—z\* 
Since the fluxion of this fluent is the ſame as the 
propoſed one. And as xzz expreſſes the cylinder of 
the ſame baſe and altitude as the ſolid ach; and 


2 — a, that cylinder will be azz x 


þ + | 
e 5 


that is as 


N= 


conſequently the ſolid is to the cylinder as = 


—— 


Chak. to ax N of I; or as x _—_ 
„ ts | ae £7]; ng 
to 22Xb*—b—2+ :; but 3 —2 . =40b*2? — 652. 
+ 46z* .; and fo the former proportion becomes 
that of 4% — b to 45 —6bbz + 4bz* —z*, when 

divided by z*. 
Hence, it x becomes ſo ſmall in cempariſon to 6, that 
all the terms multiplied by that quantity may be ne- 
| h | olected 
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glected. without any ſenſible error, the ſolid ach will 
be to the cylinder of the ſame baſe and altitude as 252 
to 405, or as + is to unity. 
Sir Jaac Newton, finds this laſt ratio to be as © 
to unity, in Cor. 9. after Prop. 36. Book II. What 
induced him to think ſo (for he did not compute it 
as we have done) was, the ſolid ach muſt be leſs than 
a ſemi-ſpheroid, becauſe the angle c is acute, whereas 
in the ſpheroid it muſt be a right one, and the angle 
at a mult alſo be acute; and as one half is an arith- 
metical mean between the cylinder and cone, he con- 
cludes, that this ſolid is one half of the cylinder. 
The reader may eaſily perceive the error of this con- 
cluſion ; for tho' the former part of his argument, 
that this ſolid muſt be leſs than a ſemi-ſpheroid is 
true, he has by no means proved or attempted it, that 
this ſolid muſt be greater than the cone, whereas we 
have clearly proved that the ſolid and the cone muſt 


be equal, upon the ſuppoſition that x is incompara- 
bly leſs than 5. 
6 


mmnx 


when the orifice LM becomes ſo great as to be ſenſi- 
bly equal to BC, which will happen when the circle ab 

is placed in an unconfined fluid: then » may be taken 
equal tom; and hence the equality above becomes 
vg; that is the velocity of the fluid is equal to that 
which a body acquires by falling thro' the height cd 
of the fluid. 


. 2 L * 
— ena 2 K 2 „ > — — * * 
— 6 Sr < 
* — —_ 23 —— - ”—— — 
5 - po —_ 


A 
3 


* - 
— ITY, RY r 
- 
as = * 
2 — = = 
- — — — 
? 3 * 2 


a 


<1 
4 +" 


— 


— 
£ ==.x; gue + - — 
"I 
* o ww” 


151. Since we have v 


ON. 
152. Hence, if the water was at reſt, and the 
little circle ab, did aſcend, with the ſame velocity 
with which the water deſcended thro' the orifice, or 
that acquired by a body falling thro' the height cd; 
the reſiſtance of the little circle ab will be equal to the 
weight 
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weight it ſupports when at reſt, and the water de- 
ſcends. Therefore the reſiſtance of the little circle in 
the aſcent will be equal to one third of the weight of 
the cylinder of the ſame baſe and altitude to cd. 

3811 U So. 

153. Since the ſolid ach is one third of the cylinder 
of the ſame baſe and altitude, by Art. 150. the cir- 
cle ab muſt move with triple the velocity of the wa- 
ter in its deſcent, at the ſame time, in order to meet 
with a reſiſtance equal to the weight of the cylinder 
of the ſame baſe and altitude cd: and ſince the 
heights of falling bodies are as the ſquares of the ve. 
locities acquired in the fall, by Art. 84. No. 2. the 
height thro* which a falling body acquires a velocity 
triple that of another, muſt be nine times greater. 
Conſequently a body muſt fall thro” a ſpace nine times 
the height cd, to acquire the velocity with which 
the circle ab muſt aſcend, in order to meet with a 
reſiſtance equal to the weight of a cylinder of water 
of the ſame baſe ab, and altitude cd. Becauſe the re- 
ſiſtance of a cylinder, moving in the direction of its 
axis, is the ſame as that of its baſe : a cylinder whoſe 
baſe is equal to the little circle 26, moving in the 
ſame direction and with the ſame velocity, will meet 
with the ſame reſiſtance as that circle. | 

If the length of the cylinder, moving in a fluid, 
be increaſed or diminiſhed, its motion, as well as 
the time of deſctibing nine times its length, will be 
increaſed or diminiſhed in the ſame ratio; and there- 
fore the force by which the motion ſo increaſed or di- 
miniſhed, can be deſtroyed or generated, will con- 
tinue the ſame; becaule the time is increaſed or di- 
miniſhed in the ſame proportion; and conſequenty the 
torce remains ſtiil equal to the reſiſtance of the cylin- 
der, fince that reſiſtance will allo remain the ſame. i 
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If the denſity of the cylinder be increaſed or dimi- 
niſhed, its motion, as well as the force by which its 
motion may be generated ordeſtroyed in the ſame time, 
will be increaſed or diminiſhed, in the ſame ratio. 
The reſiſtance of any cylinder whatever, will conſe- 
quently. be to the force by which its whole motion 
may be generated or deſtroyed, in the time it moves 
over nine times its length as the denſity of the me- 
dium is to the denſity of the cylinder nearly. 
Sir Iſaac Newton obſerves, that a fluid muſt be com- 
preſſed to become continued; it muſt be continued 
and non-elaſtic, that all the preſſure ariſing from its 
compreſſion may be propagated in an inſtant, and fo 
acting equally upon all the parts of the body moved, 
may produce no change in the reſiſtance. The prei- 
ſure ariſing from the motion of the body, is ſpent in 
generating a motion in the parts of the fluid, and 
this creates the reſiſtance. But the lateral preſſure 
ariſing from the compreſſion of the fluid, be it ever ſo 
forcible, if it is propagated in an inſtant, generates 
no motion in the parts of a continued fluid, nor pro- 
duces no increaſe or decreaſe in the reſiſtance. 


LEMMA. 


154. The reſiſtance of a body moving in a compreſſed 
non-elaſtic fluid, will always be the ſame, let its figure be 
what it will, when the greateſt tranſverſe ſefion is the 
ſame, 

For whether 4b be the diameter of a circle, or the 
ſection of any ſurface, the ſolid ach of the fluid ſup- 
ported by that ſurface, will be always one third part 
of the cylinder of the ſame baſe or altitude as has 
been proved in Art. 150. Conſequently the reſiſt- 
ance of any ſolid is always equal to that of its tranſ- 
verle ſection. | 

2 N. B. 
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nite compreſſed non-elaſtic medium, its reſiſtance will be 
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VN. B. We ſuppoſe the friction the ſolid meets with 


in its motion to be inconſiderable, and the e of 
1 fluid to have no Coheſion, 


THEORE M: N 
185. If a globe moves uniformly forward, in an in 


to the force that may generate or deſtroy its whole motion 
in the time it moves over the length of fix of its diame- 
ters, as the denſity of the fluid is to the denſity of the 


lobe. 


For ſince the reſiſtance of the globe is equal to that 


of its circumſcribed cylinder, and the reſiſtance of the 


cylinder is to the force that may generate or deſtroy 
its whole motion, in the time it deſcribes nine dia- 
meters, as the denſity of the medium is to the den- 
ſity of the cylinder, by Art. 153. Therefore as the 
globe is the two thirds of the cylinder, the reſiſtance 
of the globe is to the force that may generate or de- 


ſtroy its whole motion, in the time it deſcribes ſix 


of its diameters, as the denſity of the medium is to 
the denfity of the globe. 
Ch bd: Be 


. 156. Hence the reſiſtances of globes, in an infi- 
nite compreſſed non-elaſtic mediums, are in the 
compound ratio of the ſquares of heir velocities, of 


the ſquares of their diameters and the denſities of the 


mediums directly, and the denſities of the globes in- 
verſely. For the reſiſtance increaſes in proportion 
as the ſquares of the velocities increaſe, it increaſes 
alſo as the ſurface of the globe, or the ſquare of its 
diameter increaſes, as likewiſe as the denſity of the 
medium increaſes, and decreaſes as the denſity of the 
globe increaſes. 


COR. 
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157. If different globes move in the ſame medium, 
and with the ſame velocity, their refiſtances will be 
as the ſquares of their diameters dire&ly, and their 
weights inverſely ; and if the globes are of the ſame 
denſity, their reſiſtances are as the ſquares of their 
diameters directly, and the cubes of the ſame diame- 
ters inverſely ; that is as their diameters inverſely. 

Thus the reſiſtance of a nine pound iron ball, 
whoſe diameter is four inches, is to the reſiſtance of 
an iron ball, whoſe diameter is ſeven inches, as ſeven 
to four, a 


. 

158. The greateſt velocity a globe can acquire in 
a reſiſting medium by its comparative weight, is equal 
to that which it may acquire by falling with the fame 
weight, from a ſtate of reſt in a non: reſiſting medi- 
um, thro? a ſpace that is to three of its diameters 
as the denſity of the globe is to the denſity of the 
medium. For the globe, in the time of its fall, will 
acquire a velocity, which, being uniformly conti— 
nued, will deſcribe a ſpace double that fallen thro? 
in that time. And therefore the reſiſtance will then 
be equal to its gravity, by Art. 153: and after this 
the motion can no more accelerate and become uni- 
form. 
| G0: 1 

159. Hence if d denotes the diameter of the globe, 
m its denſity, A that of the medium, and r twice the 
height from which a falling body acquires the great- 


6md 
eſt velocity; then will 1: d:: :, or . by 


Art. 158, 
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106 Of Motion Se&. VI. 
REMARK I. 
Sir Iſaac Newton found r=, in the 2d Cor. af. 


ter Prop. 38, Book IT. in conſequence of his finding 
the weight ſupported by a {mall circle placed in the 
middle of an orifice, to be one half; whereas we 
proved it to be but one third of the cylinder, which 
has the ſame baſe, and whole altitude is equal to the 
height thro* which a falling body may acquire the ve. 
locity of the water. Now as the laws of motion in a 
refifting medium abſolutely depend on the determi- 
nation of the greateſt velocity of bodies, it will be 
ſhewn hereafter, in Art. 179, that our determination 
of this velocity is confirmed by ſome undoubted ex- 
periments, and that Sir //aac's cannot be true. 


REMARK II. 


Sir Jaac Newton conſiders the air to be an infinite 
comprefied fluid of the ſame claſs as water, which 
docs not ſeem to agree with its compreſſibility and 
elaiticity, but rather as a rare elaſtic medium. In 
this caſe, a globe moving forward uniformly meets 
with a reſiſtance that is to the force by which its 
whole motion may be generated or deſtroyed, in the 
time it deſcribes two thirds of its diameter, as the 
denſity of the medium is to the denſity of the globe. 
This dir {/aac has demonſtrated in Prop. 35, Book Il. 
and I in my Artillery, Theor, 5, of the Introduc- 
tion. But it is ſuppoſed, in this laſt cited propo- 
ſition, that the particles of the medium vanith im- 
mediately after the ſtroke, ſo as not to prevent the 
next from ſtriking the body in the ſame manner: this 
certainly is not the caſe in the air, which compreſſes 
in a heap before the body, and forms a kind of point- 

| cd 
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ed ſolid, and if it is nearly the ſame as we have ſhewn 
it does in water, the globe muſt then move over 
nine times the two-thirds of its diameter, that is ſix 
of its diameters, by Ari. 150, to meet with a reſiſt- 
ance that is to the force which may generate or de- 
ſtroy its whole motion, in the ſame time as the den- 
ſity of the medium is to the denſity of the globe; 
and conſequently the ſame as above. Hence, whe- 
ther the air be conſidered as an infinite compreſſed 
fluid, or as a rare elaſtic medium, the conciuſion will 
be the ſame. 


SECTION VI. 
Of MOTION # a RESISTING MEDIUM. 


HE laws of motion conſidered in a non-reſiſting 
medium, and which we have treated of in the 
laſt ſection, have formerly been looked upon as uni- 
verſal, and were applied to al} caſes in genera], till 
Sir Iſaac Newton found that they could only hold 
good in thoſe bodies which moved at a great diſtance 
from the earth, ſuch,as the planets and their ſatellites, 
which are ſuppoſed to deſcribe their orbits in a free 
ſpace, void of all reſiſtance: it is true, that no abſo- 
Jute vacuum can be conceived, yet as the medium in 
which the heavenly bodies move, mult be infinitely 
rare, ſoas to cauſe no retardation percetvable in many 
ages, it may be neglected. Bur in the motion of bo- 
dies near the ſurface of the earth, the cale is quite dif- 
ferent; fince the particles of air refilt the bodies con- 
ſiderably, and therefore all that had been ſaid before 
of projectile motions is erroneous and uſeleſs, 
To diſcover the laws by which bodies are reſiſted, 


Sit Jaac made a great many experiments with prone 
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ums, moving in the air and in water; he did like- 

wiſe let fall ſeveral globes of different denſities from 
the cupola of St. Paul's, and compared the times of 
their fall with the times they would fall in a non-re- 
fiſting medium, by which he was able to compute 
their reſiſtance, It is true that theſe balls were too 
ſmall, and the diſtances fallen thro? too little, to de- 
termine the reſiſtance in a very exact manner, yet 
they were {ſufficient to confirm the theory he had efta. 
bliſhed before hand, in relation to the motion when 
the bodies were reſiſted by a medium. 

In the theory of powder, we are obliged to ſuppoſe 
that when it 1s fired, it acts in the ſame manner as an 
elaſtic fluid, becauſe we have no other principles to 
go by; but as powder does not light inſtantaneouſly, 
and we do not know by what law the inflammation 
proceeds, it is evident it cannot act with the ſame 
force as an eiaſtic fluid of the ſame denſity, and conſe- 
quently, all the concluſions drawn from the ſuppoſi- 
tion, are uncertain and erroneous. 


It has hitherto been ſuppoſed that the more powder 


a piece was loaded with, the longer it ſhould be, in 
order to give time tor the powder to light; and it 
{ſeems to be reaſonable that it ſhould be ſo, but not- 
withſtanding experiments have proved the contrary; 
| for if a piece be loaded with various charges, it will 
be found that there is one which will produce a greater 
effect than any other that is more or leſs: again, if 
ſeveral pieces of the ſame caliber, and of different 
lengths, are tried, it will be found that there is 
one certain length which produces a greater effect 
than any other. 

It has likewiſe been found by experiment, that a 
mortar loaded with a quantity ot powder, which 
weighs but one ſixth part, the weight of its ſhell 
when filled, carried its ſhell farther than a gun loaded 

ever 
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ever ſo much, when both are elevated at an angle of 
the ſame degrees: this alone is ſufficient to ſhew our 
ignorance in regard to the force of powder; for as the 
bore of a mortar is conſiderably wider than the chamber, 
it ſeems that as ſoon as the ſhell has moved from its 
place, the powder can act but very little upon it, and 
therefore the length of a piece ſeems to contribute but 
little to increaſe the force of powder; yet in experi- 
ments made with guns, it is found that there is a cer- 
tain length, which is neceſſary to produce the greateſt 
effect. This will be proved hereafter, when we treat 
of projectile curves deſcribed in the air, and con- 
firmed by unexceptionable experiments. 

Mr. Robins, in his treatiſe of gunnery, tried by a 
great many experiments to determine the force of 
powder, but finds the velocities in general much 
greater than they poſſibly can be; which ſeems to be 
owing to the very [mall quantities of powder that he 
was able to ule, for the leaſt error or overſight in fa 
ſmall a quantity, muſt neceſſarily become very conſi- 
derable in ſuch large charges as are uſed in pieces of 
artillery, Theſe experiments were intended to con- 
firm his theory, which, in itſelf, was built upon er- 
roneous Principles, as we have ſhewn in our treatiſe 
of artillery; and it required no {mall degree of dex- 
terity to confirm a theory built upon wrong princi- 
ples, by experiments no leis faulty in their contri- 
vance, 

The learned profeſſor Euler, in his Comment upon 
Robins's work, page 566, gives a table of velocities, 
produced by pieces of different lengths, and loaded 
with various quantities of powder; wherein he com- 
mitted the ſame error as his author, by making them 
much greater than they poſſibly can be; beſides he 
ſuppoſes that all cannon of the ſame number of cali- 
bers long, and loaded proportionally, will carry 3 
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ſhots equally far, which we have proved not to be 
true; neither does he ſeem to take notice of Sir 1/aac's 
theorem, where he ſhews how to find the greateſt 
velocities; nor has he given any experiments to con- 
firm his aſſertions. Thus, for inftance, when the 
_ is twenty-two calibers long, and loaded with 

alt the weight of the ſhot he finds 1477 Rhinland 
feet, or 1521 Engliſh, moved over in a ſecond; 
whereas we prove that this velocity can never amount 
to 914.7 feet in a forty-rwo pounder, and conſequent - 
ly much leſs in a ſmaller caliber. 

He gives likewiſe another table in page 600, which 
contains the greateſt and beſt charges of pieces, whoſe 
lengths are expreſſed in calibers ; thus when the piece 
is twenty-two calibers long, he finds the greateſt 
charge to be 5.96 calibers in length; now as in our 
guns, four calibers in length contain an equal weight 
to that of the ſhot, therefore the beſt charge ot an 
eighteen pounder is 26.82 Ib. According to this ta- 
ble, that of a twenty-four pounder 33.96 lh and that 
of a forty-two, is 62.38 lb. Now as it has been 
found by experiment, that nine pound of powder in 
an eighteen pounder of about this length was the beſt 
charge; and therefore 12 1b, for atwenty-four pounder, 
and 21 Ib. for a forty- two pounder : the charges given 
in this table are above double thoſe they ought to have. 
Belides if theſe charges were true, they could never be 
put in practice, ſince theſe pieces would become 
twice heavier than they are now to reſiſt fo great a 
force as would be produced by theſe charges. As to 
the charges given to battering pieces, it has been found 
by experiments, that. one third of the weight of the 
ſhot is ſufficient; in all other occaſions, a leſs quan- 
| Lity will do. 


In 
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In this ſection, after having given ſome general 
theorems, and a general problem of projectile 
curves, we give ſeveral examples of bodies mo- 
ving in right lines, from whence we deduce ſome 
uſeful remarks relating to artillery, in order to de- 
termine the beſt length and charge of fire arms; this 
being done we treat of the curve deſcribed in the 
air, which is the moſt difficult part of this work- 
As no author has yet determined this curve in all 
caſes, we have been ſo much the more attentive, and 
given various numeral examples, by three different 
methods, in fuch a manner as to leave no doubt or ob- 
ſcurity, to prevent any miſunderſtanding of the 


ſubject. 
THEOREM. Fig. 53. 


100: The fluxion of the velocity generated by any pow- 
er in a reſiſting medium, is as the reftangle made by the 
difference between the meaſure of the power and the re- 
fiſtance,- aud the fluxion of the time elapſed from tbe 
beginning of the motion: 

Let the ordinate PM, of the curve AM con- 
ſtantly expreſs the meaſure of the power, and the 
ordinate PN of another curve AN the correſponding 
reſiſtance of the body; the abſciſli AP exprefling the 
time from the beginning of the motion: it is evident, 
that the difference MN, expreſſes the force which ge- 
nerates the velocity: for the area AMP, expreſſes the 
ſum of all the powers from the beginning of the 
motion, and the area ANP the ſum of all the reſiſtan- 
ces, and therefore the difference NAM between theſe 
areas the velocity at the end of the time AP: but 
the fluxion of this area is equal to the rectangle made 
by NM and the fluxion of AP, by Art. 16 ; conſe- 
quently the fluxion of the velocity is equal to the 
rectangle made by the difference NM, between the 
meaſure of the power and the reſiſtance and the flu- 
ion of the time elapſed. 

THEO: 
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| THEORE NM. 

161. The fluxion of the ſpace deſcribed in a reſiſting 
medium, is as the retlangle made by the velocity and the 
fluxion of the time elapſed from the beginning of thy 
Motion. | | | 

For ſince the ſpace MAN is as the velocity, and 
the fluxion of the ſpace deſcribed as the reQangle 
made by the velocity and the fluxion of the time, by 
Art. 81; the reſiſtance having no other effect than to 
diminiſh the velocity, the demonſtration 1s here the 
ſame as in that article. 


HERREN. | 

162. The reſiſtance alis only in the direflion of the 
moving bod. 

For in all other directions the body is preſſed or 
acted upon, . equally and in oppoſite directions; the 
reſiſtance can therefore affect the motion no where 
but in the direction of the body in motion. 


GENERAL PROBLEM. Fig. 84. 


163. If a body, projefied from a given point A in a 
diredlion AE, with a given velocity, be afted upon by 
any centripetal force, in a reſiſting medium; to find the 
nature of the curve AM deſcribed by the body. 
Let CM=y, MT =, the perpendicular TR to 
CM, *, RM =y, the perpendicular CS to MT, 
5; P, the centripetal force; R the reſiſtance; v, 
the velocity, and : the time: then will z=v1, 


Art. 161; and as = expreſſes the part of the cen- 
tripetal force p which acts in the direction of the 
tangent, we have v= p- Rx by Art. 160; 
5 NEL, or 


. Ls, 
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or writing the value of r, it becomes vou=>+ py 
RZ; the ſign +py prevails in the deſcent, and 
in the aſcent. Conſequently the laws of the 
centripetal force p and of the reſiſtance R being given, 
the nature of the curve AM may be determined. 


Ge. 


164. When the directions of the centripetal force 
p are parallel, the laſt equation remains the ſame, 
only y expreſſes the fluxion of the ordinate and & that 
of the abſciſſa ; we have beſides pz* +wvy =o, by 
Art. 92. when x is conſtant, and pxjy=vv3 when 5 
is conſtant; ſince the reſiſtance of the medium does 
not affect the equation, which does ariſe from the 
direction perpendicular to the tangent, by Art. 162. 


20 © ge: 
165. If r denotes twice the height from which a 
falling body acquires a velocity equal to the great- 
eſt which that body can acquire in the reſiſting 


de VU 
medium, we have R= -; for when v becomes the 
« r 


oreateſt velocity or g, the reſiſtance becomes 
equal to the force of gravity, as has been ſhewn 
before in Art. 158% and after that the motion be- 
comes uniform in the deſcent, or diminiſhes in any 
other direction. 

| | EXAMPLE, 

166. Let a body deſcend from a vertical height 
by its own gravity, in a medium that reſiſts accord- 
ing to the ſquares of the velocities; then as z=y in 


; D : ; 
this caſe, and R=—, the equation vb A- RZ 
* 


v b p PER 
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vity to be unity: whoſe fluent is Ar log. 


O 


becomes vv =j— 
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7—vvz but when y=0, then will alſo be v=o ang 
therefore Agar log. v; conſequently the compleat 


fluent is y=+r log. 2542 Or if q expreſſes the num. 


F—vV 
ber whoſe hyperbolic logarithm is — then will 98 


1 40 
— VV 
Becauſe y=Z, $=v7i, becomes y=vi, and ſince 
r 3 
eee 
greateſt velocity, that is r==aa, the fluent of this 
a ＋ 


, from whence we get vo=q—1 x -. 


If we ſuppoſe à the 


z conſequently the height 


flux ion will be /=29 log.— . 
y fallen through being given, the velocity v will be 
given, and from the known velocity the time 7? may 


be found. 

| APPLICATION... 

Let y=1848, and the diameter of an iron ball 
four inches; then if ani we have m=7425, by our 


md 
tables, and 55 (Art. 159.) becomes r= 14850 


feet. Hence ==.249 nearly, this being the hyper- 


bolic logarithm of the number q; and to find its 
number, we muſt find firſt its tabular logarithm, 
which is done by multiplying the hyperbolic Joga- 
rithm .249 by the conſtant number .43429, by 
Art. 59; therefore that logarithm is 108 128, and 
the number anſwering in the common tables is 9 


1.282746; hence 1 EIX==3273-27 3 this 


number multiplied by 32.2, twice the height fallen 
| thro 


* Pay 
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' thro* in a ſecond, by Art. 86. gives 103399. 294, 
whoſe ſquare root 324.65 will be the number of feer 
moved over uniformly in a ſecond with the velocity 
acquired in the deſcent thro' 1848 feet. The deſcent 
thro the ſame height in a non reſiſting medium would 
be 345 feet. 

To find the time, by means of the equation, 72 


V 
1g log. ==, we have ag 121.86, v=57.21, hence 


au == 179.07, a—V=64.65, and a+v, divided by 
a-, gives 2.7698, whoſe tabular logarithm is 
442448; which being multiplied by the conſtant 
number 2.302585, gives 1.01877 for the hyperbo- 
lic logarithm of that number, by Ars. 56; and this 
number multiplied by g a=60.93, gives /=62.07 36 
feet, which divided by 5.67, the ſquare root of 32.2, 
(Art. 85.) gives 10.94 ſeconds. 

In a non-reſiſting medium the body would have 
fallen thro* the ſame height in the time of 10.71 
ſeconds, and therefore the difference is 0.23 feconds 
only. 

E EXAMPLE. 

167, The body being projected upwards in a verti- 
cal direction, with a givea velocity c; to find the height 

to which the body will riſe, as well as the velocity and 
VV. 


time. We have vb - vo in this caſe, when gravity 


- 
— 


is unity, or r whoſe fluent is y=A—2x 
log. r+vv; but when v=c, then y=0; and Agar 
141 27 rec. 
log. Tc; therefore —=log., 7 
ſes the number whoſe hyperbolic logarithm is 
* then 3 from whence we get vp 
7 oF Fru q 


_— © = wp The 


If 4 expreſ- 
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The equation of the time will be 4." Santi th hence 
rr uv 

if A denotes an arc of a circle, whoſe radius is vn, 

and tangent c and » another arc of the ſame radius, 
but v the tangent, we ſhall have f A-. 


APPLICATION. 
Let cc=5280 feet and the reſt as before; then 
when the body arrives to its higheſt point, we have 


„ar log. n- log. 1.95553 che tabular loga- 


rithm of this number is. 1311, which multiplied by 
the conſtant number 2.30268, by Art. 59, gives 
30187 for the hyperbolic logarithm of that number, 
and this logarithm multiphed by zr, 7425, gives 
y=2241 feet. As the body would have riſen to the 
height of + cc or 2640 feet in a non- reſiſting medium, 
the difference 379 feet is the part loſt by the reſiſtance. 
In the equation of the time fg A-, the arc z va- 
niſhes when v ; and the radius 72 = 121.860 is to 
the tangent c=72.663 as unity is to. 39628 2, which 
anſwers to an angle of go degrees and 48 minutes, 
that is to 30.8 degrees. Now 180 degrees is to 30.5 
as half the circumference 3.14159v r is to 65.507 
feet for the arc A, and being divided by the ſquare 
root 5j. 67 of 32.2, by Art. 85, gives 11.55 ſe⸗ 
conds for the time 7, which time in falling thro' the 
ſame height in a non-reliſting medium, would have 
been 10.7 ſeconds, and the difference is . 85 ſeconds. 


R E MA RK. 
It muſt be obſerved, that a falling body in a reſiſt- 


ing medium can never acquire a velocity equal to 
that we have called the greateſt, Art. 158, but may 
perpetually approach it. For when up, in Art. 
166, both the ſpace deſcended thro' and the time 5 

| | the 
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the fall become infinite ; ſo that the greateſt velocity 
is only a limit to which the other velocities may ap- 
roach without ever attaining it. This appears like- 
" wile, from obſerving, that both the acceleration and 
retardation or reſiſtance, are in proportion to the 
ſquares of the velocities; this being conſtantly the 
caſe, the diminution can never arrive to that degree 
as to become entirely equal to the augmentation: and 
conſequently the reſiſtance of falling bodies can never 
become geometrically equal to the force of gravity, 
nor the velocity acquired in the fall to the greateſt of 
all. 
NM LI. 
168. If the body moves in a canal or horizontal 
right line with a given velocity; then becauſe y=z 
in this caſe, and ſuppoſing gravity to be unity, the 


equation in Art. 163. becomes here vv=j5— 5 or 


„ —— 
Ee whoſe fluent is y=A— ur log. r—vv; but 


when y o, the velocity v becomes equal to the 
given one c; hence Agar log. r—cc, and therefore the 


2 r cc a 
compleat fluent is ”—log. ——. Becauſe the equation 
* r—VV 
a ” . 4 | . . 22 
of the time is y=vf, and as = , by what has 
F— VU . 


- 


been ſhewn above, we get / = and if Naa, 
0 7 —VV 

the fluent of this equation will be /=A +1 log. 
a+V | | 

4—< 3 and when ge, then v=c; hence — Ag fa 


"lobe C. 2t a+V a+c 
og , and therefore —= log. — log. — or 
a—CXa—V 
6 COR: 
2 OS 


2 Te 
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169. Hence it is manifeſt, that the given velocity, 
with which the body begins to move, muſt always be 
leſs than the greateſt velocity that the body can acquire 
in the medium. For when r=ce, or agg c, then both 
the ſpace moved over and the time elapſed vaniſh, 
Although this is very remarkable, yet no author has 
taken notice of it; on the contrary they often ſuppoſe 
this velocity much greater, 

It muſt be obſerved that the ſame thing is true, 
whether the body moves in an horizontal line or in 
one that makes a given angle with it, ſince every 
thing will be the ſame as above. This we thought ne- 
ceſſary to take notice of, to prevent an uncautious 
reader from taking what has been here ſaid as only 
applicable to horizontal ranges. 


PROBLEM. Fig. 35. 

170. Suppoſing the powder all fired before the ſhot is 
ſenſibly moved from its place, to find the velocity with 
which it iſſues out of the piece. 

Let n expreſs the ratio of gravity to the force of 
powder, the height of the charge AB=4, any dil- 
tance AC=x, BDS &; then becauſe the force of 
the powder confined in the ſpace AB is to its force, 
when extended to the ſpace AC, reciprocally as the 


{quare of the diſtance AC to the ſquare of AB, by 
Cor. I. after Theo. IV. of our Artillery; that is, the 


force of the powder at C will be expreſſed bi Now 

this value being wrote for p, and & for 5 and & into 

the general equation, Art. 163. as well as— for R, 
r 


1 aanð vv ru aan 
gives vo — X 1— — or = —, whoſe flu- 
Xx", Tr KU 


ent 
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by. . 
ent is Aar log. ene but when „ be⸗ 


comes =a, then v vaniſhes, ſo that A=2r log. r— 


720 aan 
| OH — 
== —3 Or becauſe 5 


2abn — 


ga, we get —— = log. —— But if 4 denotes 


an. Hence ;r log, 


2abn 


rx ? 


the number whoſe hyperbolic logarithm is 


r 


39 


171. From whence it follows, in the ſame manner as 
in the laſt problem, that the velocity v muſt always be 
leſs and never can be equal to the greateſt velocity the 
ball may acquire in that medium : and conſequently 


then q= 


r VU 


the reſiſtance — of the body ariſing from its motion 


in the medium can never be equal, much leſs exceed 


the weight of the ſhot, as has erroneouſly been ſup- 
poled by ſome authers. 


FF xrASERVYVATLION:S, 


We have neglected the reſiſtance of the ſhot rubbing 
againſt the inſide of the gun, in the laſt problem, the 
force loſt thro? the vent and windage, and ſuppoſed 
the powder to fire all at the ſame initant, which is 
not true by experiments; beſides, if it was fo, the 
ſhorteſt guns would be the beſt : bur as we do nat know 
by what law the flame proceeds, we are not able by 
theory alone to determine the exact velocity, the belt 

length of a piece, or the proper charge. All therefore 
ve are certain of is, that the velocity found by theory 

is 


= Mi —ͤ— — ee — 
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is greater than it ſhould be, and yet leſs than that it 
may acquire in that medium: this appears from the 


equation VU=g—1 * for unleſs 9 is ſo great that 
unĩty may be neglected, we cannot have vv=r. 


Again, if we conſider that the hyperbolic loga- 


x 2abn ab — | 
rithm of —\, or, becauſe 27 ander are conſtant 
r 


numbers, ſhould have certain limits to determine the 
length and charge: which it has not, for the rectangle 
made by two lines a, 6 when the ſum x of their 
length is given, is the greateſt of all, when they are 
equal, that is when the powder fills up half the va- 
cant cylinder, which we know not to be true from un- 
deniable experiments, | 
Tho” the theory is not ſufficiently exact, yet it 
ſerves as a guide to experiments; for which reaſon it 
ought to be well underſtood by thoſe who undertake 
to improve artillery. - REY 
Before this theory can be applied to particular ex- 
amples, the ratio of the elaſtic force of powder to 
that of gravity muſt be determined. Let the preſſure 
of the atmoſphere be equal to a column of quickſilver 
of 29. 5 inches high : then. as the ſpecific gravity of 
quickſi]ver is to that of caſt iron as 14000 to 7425, the 
preſſure of the atmoſphere will be equal to a column 
of iron 55.6 inches high, or 4.635 feet. Whence it we 
fuppoſe with Mr. Belidor and moſt authors, Mr. Robins 
excepted, the elaſtic force of powder to be 4000 times 
greater than that of air; if we multiply 4.035 by 
acoo, we get 18540 feet for a column of iron, ex- 
pteſſing the elaſtic force of powder: and as an iron 
ball, whoſe diameter is denoted by 4, is equal to a 
cylinder of the ſame bale and 3d higb, the force of 
gravity is therefore to the force of powder as 3d is 
to 
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; 27810 : 
to 18540, Or as unity to — — when the diameter d 


is expreſſed in parts of a foot. 


E X AMP L E. ; 

172, Let an eighteen pounder of nine feet long be load- 
ea with nine pound of powder, to find the velocity at the 
mouth of the cannon. 

The diameter d of an eighteen pound iron ball is five 
inches; and the height 2 of the charge ten inches or 
twice the diameter; then if we multiply 27810 by 
ix, we get n= 66744, x=9, b=8:; and as the 
ſpecific gravity of caſt iron is to that of air as 7425 


3 | | 2abn 
is to 3, we get r=21214, Art. 139; hence —= 
FX 


4.758, for the hyperbolic logarithm of the number gz 
and this number multiplied by the conſtant number 
43429, Art. 59. gives 2.06635 for the rabular loga- 
rithm of that the number, which gives 22116. 5. 


TE OS 


Whence = iN 1032, or 823 feet per ſe ; 


cond for the velocity required; which differs from 
the greateſt 8 26 by 3 feet only. Tho' this agrees very 
exactly wich the experiments made at Minorca, ag 
will be ſeen hereatter, when we treat of projectiles 
in the air, yet it does not anſwer in other examples; 
for the reaſons given in the oblervations above. 


REMARK l. 


What has hicherto been ſaid in this work, was only 
to prepare the reader to underſtand Wat relates to Ar- 
tillery and Gunnery, as being the ſubject for which it 
was chiefly intended, and couid not be explained 
without the preceding principles. | 

P Not- 
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Notwithſtanding the great importance of artillery 
to a ſtate, neither the beſt length nor charge of guns, 
fo as to carry their ſhot to the greateſt diſtance, have 
as yet been determined to any tolerable degree of 
perfection. This is not to be wondered at, becauſe all 
the experiments made here and abroad were ſo inju- 
diciouſly contrived, that no true concluſions could be 
made from them; to this may be added, that the 
practical artilleriſts are entirely ignorant of che theory, 
and the theoriſts of the practice; and without being 
acquainted with both, it is obvious that no improve. 
ments can be made in this ſcience. 

Authors, for want of having a proper guide to go 
by, have greatly over rated the velocities of cannon 
ſhot, as likewiſe the reſiſtance they meet with moving in 
the ait; and as long as this error ſubſiſted, no im— 
provement could be expected. For we have proved 
in Art. 171, that a body impelled by any force what- 
ever can have no greater velocity than that it may ac- 
quire by falling in that medium, which we have ſhewn, 
in Art. 159, cannot exceed a certain limit, Which we 
have determined by means of the ratio between the 
ſpecific gravities of the medium to that of the body. 
Thus if the body is of caſt iron, its ſpecific gravity 


is to that of air as 7425 to, by the Remark after Art. 
147; whence if we make 2=7425, and n= in the 


6 
equation, r==, Art. 159. we get r=50914d; 


which ſhews that twice the height thro? which an iron 
ball deſcends ſo as to acquire the greateſt velocity, is 
leſs than 50914 times its diameter expreſſed in feet; 
it (hews like wiſe that the greateſt velocities which iron 
balls can acquire are in proportion to their diameter. 


From 
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From whence we can correct an error commonly 
committed in the conſtruction of guns; which is, 
that thoſe of ſmaller calibers, under a twenty-four 
pounder, are made longer in proportion than larger 
ones. The practitioners imagine, that by this means 
the velocities of their ſhot may be increaſed, and go 
as far as larger ones, by loading them with greater 
charges. A few examp!es will prove what we here 
advance. 

Let the cannon be a ſix pounder, whoſe diameter 
of the ſhot 1s 3.498 inches, then 50914, multiplied by 
3.498, and divided by 12, gives 14841.4 feet; this 
multiplied by $2.2, and the ſquare root of the product 
extracted, gives 691 feet for the ſpace moved over 
uniformly by the greateſt velocity a ſix pounder ſhot 
can poſſibly have in a ſecond. 

If the cannon be a forty two pounder, whoſe diame- 
ter of the ſhot is 6.684 inches, then we get 7g 8359 
feet; this multiplied by 32. 2 and the ſquare root ex- 
tracted from the product, gives 955 fezt in a ſecond 
for the greateſt velocity a torty- two pound ball can 
poſſibly have. 

Whea the ball is of lead, then as the ſpecific g gra- 


vity of lead is to that of air as 11 325 we; the equa- 


5 
tion 7 gives 127765 /d feet, for the ſhot whoſe 


diameter d is expreſſed in feet. Thus for example, 
the diameter of a bullet, cwelve of which weigh a 


[ 
pound, 1s 2 of an inch nearly; ſo that writing — 
+ 10 


for d, we get r=4354 feet nearly; this mulciplied by 
32.2, and the root extracted from the product, gives 
395 feet in a ſecond, for the greateſt velocity which 

that ſhot can have. 
Again, let the diameter of the ſhot be 1.69 inches, 
whoſe weight is a pound; then 122776574 becomes 
PA 7 
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r=10937 feet in this caſe, and proceeding in this 
manner as before we get 393 feet in a ſecond, for 
the greateit velocity this ſhot can have. 

As a cannon ſhot weighing 55 pounds, whoſe 3 
ter is 7. 32 inches nearly, will by proceeding as betore, 
give 1009 teet in a ſecond for the greateſt velocity 
this ot can have, and as no {hot of this ſize has hi- 
therto been uſed, nor will hardly hereafter. we may 
draw this concluſion, that no carnon or muſket ſhot 
can acouire a velocity, by any force impreſſed upon 
them, ct a i©00 feet in a ſecond; coniequently thoſe 
authors who have ſuppoſed, that they may have a 
velocity of 2000 ſeet and upwards, in a fecond, were 
greatly miſtaken: and whatever has been deduccd 
irom this ſuppoſition mult be erroneous. 

It will nor be improper to take notice here of a gun 
which the French made uſe of in rhe laſt war in Ger— 
many called Amſz:e, which fired a leaden ball ot a 
pound weight; and it was {aid that it carried its ſhot 
farther than any of our light fix pounders. Now, we 
have ſhewn, that the greateſt velocity of a fix pound 
ſhot approaches to 691 feet, in a ſecond, and that 
the greateſt velocity of a leaden ball weighing one 
pound, approaches to 593 feet in a ſecond; conle- 
quently, it the fact be true, our fix pounders have 
not their proper length, nor charged with a proper 
quantity of powder. This appears likewiſe from other 
circumſtances, as will be ſhewn hereafter. 

We have hitherto ſpoke of folid ſhot, we hall 
now conſider che velocities of ſhells; whoſe ſpecific 


gravity is to that of air as 4892 to 55 ſuppoſing them 


all ſimilar to the thirteen inch ones, as we have 


: 6:4 
done in our general conſtruction : hence r=-—, 
SO | 7 


&''VES 


in a Reſiſting Medium. 125 
gives 1233545, in reſpect to all ſhells made of 
caſt iron. Now, as the diameter of a thirteen inch 
mortar ſhell is 12+ inches, we get g= 3564 1 bert, 
and proceeding in the ſame manner as before, we 
ſhall find 1072 feet in a ſecond, for the greatett ve- 
locity which this ſhell may have. 

The diameter of a ten inch mortar ſhell being 9 
inches, we get r=27255 feet, and 936.6 fret in a 
ſecond, for the greateſt velocity Hence the ſz:ne 
thing is true in regard to ſhells as in folid ſhors 


that is, the greateſt ſhells may have che greatelt 
velocities. 


REMARK II. 


For the reaſon that authors have ſuppoſed the ve- 
locities of bodies moving in a refilting medium, 
may increafe without any limits; the reſiſtance may 
likewiſe 1ocreaſe without end, which is a great 
miſtake, as we are going to prove. Suppoſe the 
denſity of the air 1s the ſame every where as near the 
{uriace of the earth, and a body was to fall in it, 
by the force of gravity; it 18 proyed, that if there 
was no reſiſtance, it would deſcend through ſpaces 
which are as the ſquares of the velocities acquired 
in the fall; but, by reaſon of the reſiſtance of the air, 
the ſpaces deſcribed will be diminiſhed in ſome pro- 
portion, which can be no other than that of the ſquares 
of the velocities: ſince the number of particles of 
the air which the body ſtrikes in a given time, are as 
the velocities, and as the body ſtrikes each particle with 
a force that is likewiſe as the velocity, the reſiſtance 
ariſing from theſe cauſes muſt therefore be as the 
ſquares of the velocities. In oily or unctuous me- 
diums, the reſiſtance will be increaſed in proportion 
to the difficulties of ſeparating the particles; which 
is not the caſe in the air, Now the deſcent of bodies 

in 
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in the air, being accelerated in the duplicate ratio of 
the velocities, and reſiſted in the lame duplicate 
ratio; the body can never ariſe to ſuch a degree of 
ſwiftneſs, as that the force of reſiſtance becomes 
equal to the force of gravity, altho' it may conti- 
nually approach it, If theſe two forces ſhould become 
equal at laſt, the motion would then become uni. 
form; this has been ſhewn in Art. 153. and 158, 
conſequently, the force of reſiſtance can never be- 
come equal, much leſs greater, than the force of gra- 
vity in this caſe. 

What has been ſaid here in reſpect to falling bo- 
dies, is equally true in bodies impelled by any force 
in any direction, by Art. 169. and 171; beſides, the 
force by which the body is impelled, let it be what 
it will, cannot be inſtantaneous, and muſt act gra- 
dually by degrees; and whenever its action becomes 
equal to that of the reſiſtance, it cannot increaſe be- 
yond it. Conſequently, the notion, that the reſiſ- 
tance may increaſe without any limit, is without 
foundation; and thoſe experiments that have been 
made on that account muſt be fallacious, and can 
avail norhing, 

An objection is made againſt the- reſiſtance being 
in all caſes as the ſquares of the velocities; when the 
motion of the body is ſo great, as that the air can- 
not fill up immediately the ſpace left by the ſhor, 
the reſiſtance muſt be greater than it would be in 
flower motions; from thence is inferred, that the re- 
ſiſtance is, in flow motion, as the ſquare of the velo- 
city, but in very {wilt motion, in the triplicate ratio 
of the velocities. 

But as in the eſtimation of the reſiſtance, the force 
by which the motion of bodies are retarded, was de- 
rermined from the number of the particles the body 
ſtrikes, and from the velocity with which they are 
ſtruck, and not from any conſideration of their moving 

round 
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round and ſtriking the body behind; ſo that where this 
laſt action takes place, and is ſufficient to produce an 
effect that can be eſtimated, the contrary concluſion 
to that objection may be made, viz. that in flow mo- 
tion the reſiſtance is diminiſhed, by reaſon of the 
particles ſtriking the body behind in the direction of 
its motion. This ſeems to be confirmed by expe- 
rience, for in flow motion the curve deſcribed by 
the body is ſenſibly a common parabola. This will be 
found by meaſuring the ranges, as I have done ſeve- 
ral times at La Fere; and always found in diſtances 
not exceeding 300 yards, that the ranges never dif- 
fered above a few fect from that computed by 
means of the parabola. 

The next query is, whether a ſhot can move ſo faſt 
as to leave any vacuity behind it, or not? It not, 
the objection is without foundation. Now, to find 
this recourſe muſt be had to experiments. We have 
ſhewn in Art. 147, that the found moves over a 
ſpace of 1142 feet in a ſecond; and as the found 
is propagated by the elaſtic force of the air, there- 
fore the elaſtic force of the air is ſuch as to produce 
a velocity which moves over the ſame ſpace in the 
ſame time: we have likewiſe proved in the latt re- 
mark, that a thirteen inch ſhell may have the great- 
eſt velocity of any ſhot or ſhell that are now in 
uſe; and as this velocity is ſuch as to move over a 
ſpace of 1072, feet in a ſecond, when unitormly con- 
tinued, which being leſs than the velocity produced 
by the elaſtic force of air, it is maniteit, that no 
common ſhort can move ſo quick as to leave a Vacant 
Ipace behind it. 

R E M A R K III. 

Having determined the greateſt velocities that can- 

non {hot can poſſibly have, let the charge be what it 


will, in the fact remark 3 and the greateſt reſiſtance 
| | ne 
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they can meet with in their motion, in the ſecond; 
it remains now to apply theſe principles to the im- 
1 of artillery, which were neceſſary to be 

nown; and for want of them authors have been 
greatly miſled in their computations and conjec- 
tures. 

Of all queſtions that ever have been made in re- 
ſpect to artillery, the moſt important ones are thoſe 
concerning the proper length of guns and their belt 
charges, ſo as to carry their ſhot as far as poſſible ; but 
authors, as well as practitioners, differ widely in their 
opinions: which could be no otherwiſe; for the prac- 
titioners, for went of theory, have been miſguided in 
their inquiries, and moſt experiments that were made 
are ſuch as no concluſions that are really uſeful can 
be drawn from them; tor thoſe made at Dunkirk 
by Dumetz, with various calibers of the ſame length, 
and with charges weighing two-thirds of their ſhot, 
can anſwer no other purpoſe than that a twenty-four 
pounder carries its ſhot farther than any other caliber 
of the ſame length; and thole made at Woolwich by 
the late General Armſtrong, with fix twenty four 
pounders of various lengths, can ſerve only to ſhew 
that the piece which was 9:5 feet carried farther than 
thoſe of any other lengrh with the ſame charge. 
Theſe are the moſt remarkable experiments that I 
know off, excepting thoſe made at Minorca by 
General Williamſon, and are the only ones to the 
purpoſe, as will be ſhewn herafter. 

In the firſt period of time, guns were made very 
heavy and long, ſo as to bear charges equal in weight 
to that of their ſhot, imagining that the greater rhe 
charge was, the longer the gun ſhould be, in order 
to give time for the powder to take fire before the 
ſhor leaves the piece, and to produce the greater 
effect. In Queen Elizabeth's time, we and the French 


made them of exceſſive length, as appears by 1 
| cul- 
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verin in Dover Caſtle, and that at Nancy; whilſt the 
Spaniards made them ſhorter and lighter than they 
have been ever ſince. 'For at the ſiege of Breda by 
the Spaniards, under the command of Spinola, in 
1625, Count Mansfield, a German in their ſervice, 
caſt ſeveral ſix pounders which weighed 180 lb. only, 
and twenty-five pounders of 700 lb. weight, beſides 
another Spaniſh gun, which we had at Woolwich, 
that weighed 2100, and carried a ball of 41 lb. of our 
weight. In King Charles the Second's time, we made 
thirty-two pounders of iron that weighed 4200, and 
forty-two pounders of 3300 weight; whereas our 
preſent twenty-four pounders braſs weigh 5200, and 
the forty-two of the ſame metal, 6600. To make 
braſs guns ſo much heavier than the iron ones of 
the ſame caliber, is inexcuſable in the land of liberty, 
where reaſon and good ſenſe prevails in almoſt every 
thing elſe. RES 
It is true we make at preſent our fix pounders for 
the field-fervice ſo light and ſhort, that four of 
them weigh no more than one of the long and uſual 
guns; but we are to thank the late Duke of Cumber- 
land for it, who, by his authority and judgment in 
artillery, inſiſted upon the diminiſhing the weights. 
This great variation in the length of guns ſufficiently 
ſhews how little improvement has been made in ar- 
tillery ſince its firſt invention. 

The theoriſt having no proper experiments, and 
being unacquainted with the practice, it is not 
ſtrange that he ſhould be ſo much miſtaken in hi- 
calculations; but that he ſhould fall into the vulgar | 
error of the practitioners, by admitting the velo- 
Cities to increaſe in proportion as they are charged 
with a greater quantity of powder, without any 
limitation, is inexcuſable. As they all admit the re- 
ſiſtance which moving bodies meet with, one ſhould 
think it required no great degree of penetration to 
perceive 
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perceive that this reſiſtance muſt diminiſh the veloci- 
ties in ſome caſes, ſo as not to be augmented. 
What can be the reaſon that no nation has en. 
deavoured to improve their artillery, which is eſſen- 
tially uſeful and ſo very expenſive, unleſs it is the 
prepoſſeſſion in favour of an old eſtabliſhed cuſtom, 
in ſuch a manner, as neither reaſon or good ſenſe can 
overcame ? It will therefore be in vain for an author 
to endeavour all he can for improving artillery, un- 
leſs ſome great man, who has it in his power to un- 
dertake it, and to give proper encouragement to thoſe 
that are qualified for carrying on. a ſeries of proper 
experiments. | | | 
To facilitate ſuch an undertaking, we ſhall here 
inſert the experiments made at Minorca, in 1745, 
with two iron eighteen pounders, one of eleven feet 
long, weighing 31: O: 5, and the other nine feet long, 
and weighing 39: 1: 3, under the direction of Gene- 
ral Williamſon, aſſiſted by Major Hiſlop and ſeve 
ral other artillery, officers. , | 
Theſe two pieces were firmly fixed in the ground, 
and ſo contrived as to have any degree of elevation ; 
they were loaded, with different charges and eleva- 
tions, from ſix to forty-five degrees. After hav- 
ing made a great many trials, it was found, that, 
when they were loaded with nine pounds of powder, 
they both carried their ſhot fartheſt, in all the diffe- 
rent clevations; and that the gun of nine feet long 
carried always farther than that of eleven feet long. 
Thele experiments being authentick, furniſh a ſure 
direction to determine the proper length of guns, 
and their beſt charges. For as the diameter of an 
eighteen pound ſhot is 5 inches nearly, this gun is 
213. diameters of the ſhot long; and therefore the 
beſt length of any gun is about 21 diameters of its 
Thor, and its belt charge equal in weight to half that 
of its ſhot. But before a (tate is reſolved to reform 


their 
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their artillery, it would be neceſſary to repeat thoſe 
experiments, and try various calibers in the ſame 
manner, in order to be certain that this alteration, 
in ſo eſſential a thing, may be done upon ſolid and 
firm conſiderations; and when the dimenſions of 
guns are fixed, a law ſhould be made to prevent any 
one to alter them for the future. . 

Having thus aſcertained the limits of the greateſt 
velocities, as well as the reſiſtance of bodies, the 
ranges of ſhells and ſhots may be determined in a 
greater degree of exactneſs than by any other theory 
yet publiſhed; and as their computation is very in- 
tricate and laborious, tables may be conſtructed ſo as 
to apply the theory to practice with eaſe. 


P ROB L E M. Fe. 56. 


173. Fa body projected with a given velocity c, in 
a given direction AE, to find the nature of the curve 
ADK deſcribed by the body. 

If AP=x, ÞPM=y, the arc AM=2z, v the velo- 
city at M, the time and p=1 ; then vd -- R, 
by Art. 163. for the aſcent, and %Y=wvwvx,by Art. 164. 


when z is conſtant, afid as R= , by Art. 165. If 


the values of » and R are wrote into the equation a- 
a VUX NT DW 
bove, we get vo Wer TY or dividing by vv, 


and tranſpoſing the firlt term of the ſecond fide to 


a 
AI 


the firſt, we ſhall have - + == — whoſe fluent is 


log. — = —. becauſe à has been ſuppoſed con- 


ſtant, it was neceſſary to divide by it, to make the 
terms homogeneous: and if g exprefſes the number 
whole hyperbolic logarithm is unity, that is, /2=1 ; 
Q 2 8 then 
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lg | 
then Ky = =, and hence by logarithms = 
| N 2 


A7 -. Now at the begining A of the motion PR. 
$=0, and if the radius is to be coſine of the angle 
EAP as unity to æ; then 8: &: : 1: K, we get Arg ct, 


v Z 
conſequently the laſt equation becomes> ==c>&q—;, 


And fince 2 VV o, by Ar/. 194, when * is 
conſtant, and it for convenience we make #=1 ; by 
comparing the values of vv, in the two laſt equa- 


tions, we get 7 ect] So, for the equation of 


the curve. 


174. Since S UI. by Art. 161, and VX =CREq : 
by ov: the two values of v being compared, 


give gr c. Hence if we ſuppoſe the reſiſtance 
4 
to vaniſh, 7 becomes infinite, and therefore g;=1 ; ſo 
3 9 as . 
that the equation — cg becomes vi=ckz, and 
| Z 
z 


% cl, gives xc, or x=c>t, which values of 
v and f are exactly the ſame as we have found in Ar- 
ticles 94,95, where we have treated of bodies moy- 
ing in a non reſiſting medium. 

Several authors have found the equation of the 
curve, nearly expreſſed like this here; but in finding 
the relation between the abſciſſa and ordinate, no one 
that J have as yet ſeen has done it ina general man- 
ner. Thomas Simpſon has, it is true, an equation 
that will anſwer when the projectile velocity is but 
imall; but when it is great, he has recourſe to the 
differential method. But as ſome quantities are to be 
tound by trials, which in many cales is not to be 
done without an infinite deal of labour, it is obvious 
chat his method is often impracticable. 


Profeſſor 


F in a Reſiſting Medium. 133 
Profeffor Euler ſolved this equation by an infinite 
ſeries in his Mechanics, as likewiſe in his Comment 
upon Robins's Gunnery, but neither of them con- 
verge ſo as to anſwer all caſes; we ſhall here give 
three different ſolutions of this problem, and it will 


appear that they all give very nearly the ſame 
ranges. | 


FIRST METHOD. 
PR OB L E M. 


| 2% 
175. To ſolve the equation qr +cc>ky So, by an in- 
finite ſeries, 
N 22 . 2% 2% : 
The fluxion of —q7 =cckt » is ——=0r =c>k3, 
and theſe two equations multiplied croſſways, fo as to 
expel the exponential quantity, gives 25 =253. 


If now we ſuppoſe y equal to an infinite ſeries 
compoſed of the powers of * and conſtant but inde- 
termined coefficients 4, 5, c, d, f, and make $=r, 
for convenience's ſake; then the firſt, ſecond, and 


third Aluxions, give 
J=ax+bx* Ce +dx* +fe* 
ve a 20 ＋ gc +4ds* + 5fx* 
J =2b+bex+ 12dx* ＋ 2afx? 
5 =6c+24dx + bofx*, 
As the ſquare of 5 added to the ſquare of &, is 
equal to the ſquare of 8; by making 1 +aa=5ss, 


we get 8 =55+4abx + bac+4bbxx*, and if m= 
| . the ſquare root of the laſt equation will 
7 4 | 


F 2abx 1 | 
be 2=5j—— +mx*, Hence, by writing the values 


of 
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of z, 5 and 5, into the equation ry =255, we get, 

3cr + 12rdx + 3orfxx = 2bs-+ bc. + 124s 

+ 4abhb kx +2bm 
7 + 12abc 


XX, 


. 5 s 
And by comparing the coefficients of the homolo- 
gous terms, then will 


hy | 2 2bs 
2abb bss abb 
6rd= 3c + —— 345 + For 
Gabe 2bs* $8abhb 23 
I grf= 6ds + bm + * N 4 — 


Conſequently the value of y will be expreſſed by 
the powers of x and known quantities, when the 
coefficients @ and þ are determined: in order to 
which we are to conſider, that at the beginning A of 
the motion, where xe, the ſecond equation gives 
5 Sa, or j=ax, becauſe x has been ſyppoſed unity, 
Hence, *:5::1:a; but & is to y as the radius to the 

tangent of the angle EAP of elevation; therefore a 
denotes the tangent of that angle, when the radius 
is unity, and becauſe I+ag=ss, & expreſſes its ſe- 
cant. 

. The third equation gives 5 = 25, when x g, and 
writing 25 for its equal yinto the equation Z* +vv} 
Do, Art. 164, we get 8 +2bvv=0, but at A, v 
becomes c and 8s the ſecant 5s; ſo that s5+2bcc=0, 
or if þ expreſſes double the height thro* which a 
falling body acquires the projectile velocity c, then 
B cc, and 55 ZOO. 5 

As the values of y converges but ſlowly in many 
caſes, without ſome alteration being made in the 
equation, the moſt ſimple and ſhorreſt way to do 
this, is to write Y and by, for x and y; or which is 
the ſame, by multiplying the coefficients of each 

[= 8 term, 


, 
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term, by the powers of þ one leſs than that of x; that 
is, a, . a. d. f, by 1, bb, 5e, b., and making *=n, 


which gives y=ax—bx* —ix* —dx*—fx*, and 
2b=5Ss, 3c=ns*, 12d=2nns* —ans*, and bof=4n*s* 
— 8$an*s* +ns*. | | 

It muſt be remembered, that when the values of 
x and y are found by this equation, to multiply them 
by the value of þ, according to the ſuppoſition we 
have made, to get their true values, Hence, when 
the ratio of the greateſt and projectile velocities is 

iven or remains the ſame, the values found for 
and y will ſerve to determine the various parts of 
the projectiles in general, and if after the diameters 
of the ſhots are given, the particular caſes of each 
will be obtained; which renders the equation' very 
general; and it will be ſhewn hereafter that the five 
firſt terms are ſufficient to find the value of x very 
nearly. 

3 . 

176. When the reſiſtance becomes inſenſible, all 
the terms divided by r, or, which is the fame, multi- 
plied by x, vaniſh, and therefore the equation be- 
comes in this caſe y=ax —bx*, which is preciſely the 
ſame as that found in Art. 98, becauſe a =, 
2bb=5s, and h is here double to what it is there, 

RN. 

177. When the body is projected in an horizontal 
direction, the tangent à vaniſhes, the ſecant 5 be- 
comes equal to the radius or unity, and y negative. 
Therefore y=bx* + ox? +dx* +fx?f +gx* +kx?; and 
2þb=1,3c=1n,64=nn,60f=4n* +1,180g=4n* + 7un, 
3154 2 ＋ 16 —4n. 

2 2% 
The equations vgr cs, 97 +cikkj =o, found in 

| Pg 2% 
Art. 173 and 164, become here vgr=cz and gr = 
20; becauſe the ſign & is here unity, h=cc, and 3 
negative; 
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negative; but it muſt be obſerved that c denotes the 
projectile velocity at the vertex D where the motion 
is ſuppoſed to begin. eas 

Jar an CO R. ä 


178. Since Z=vt and s +vy Nh, by A. 
164, we get —j=#i/. Now as the third equa- 
tion q =2b+ 6x +12dx* +20fx*, gives — ) =55+ 
ans xv + 12dx* +20fx*, becauſe —2þ=5s, and — ze 
S2 And if 2ms=12d—mns* ; 25p=20f— 2mmss ; 
the ſquare root of this equation will be S 
mx* +px* ; whoſe fluent is T= An f + 
AN. 
Ihe velocity v is found by writing the ratio of 25 
to 5 into the equation z. +vvy . 

PR OB L E M. Fig. 56. 


179. The angle of elevation being 4.5 degrees, and the 


ratio n unity, to find the horizontal range AK. 

Here we have a=1, 55=2, and t, by ſup- 
poſition; and hence =, c=.9428, d=.43093, 
—f=.109073. Therefore. the equation in Art. 175, 
becomes here y=x—x* —.9428x* —.431x* +.109x*, 
Now when y=o, then 1=x+.9428x*+.431x*— 
.Iog9x*. And by the general rule for finding the 
roots, Art. 78, we get 1: 1:1.9428 : 3.3166: 5.4703: 
9.3255 : 15.7 : 20.4883: 44.7133: 75.4367 * 127. 
2975: 214.8034, and the penultiem term divid- 
ed by the laſt gives x. 99262, true in all its places. 
For x*=.351198, „ =.2081269, x*=.12334, and 


theſe values wrote into the equation gives I=1.0000, | 


5 PR OB L E M. 
180. To find the abſciſſa AB, correſponding to tht 
greateſt ordinate BD. 
By taking the fluxion of the laſt equation, and 
making y ge, we get 1=2x+2.828 4x* +1.7238%' 

—. 8454 By finding the root as before, then 
1:2: 6.8284 : 21.0374: 64.2904: 198.763: 611.905 

1883.341335 and x=.32450, nearly, For x = 
bd | «105 34) 


8 8 ms Ie — — * 
<< Mo im > mo firs ww wy as 


Ln > Wo. =. 


Sy WS. > 


= N n * 4 VP. £ 9 \ » . 
7 A — 2 2 r * Lk 
n _ * 2 * * N 8 2 4 
* 8 r N 
W + Bn" G 


_— 
+ Cx 
A. 

_ 9 


* . | £ 


in a Reſiſting Medium, 137 


10534, #3 = . 034189, „ . o1 1096; and theſe 
values wrote into the equation gives 1 =. 999946. 


PR OB L E M. 


181. To find the greateſt ordinate B D. 

If we write the values of x and its powers here 
found into the equation y = x — x* — ,9428 x3 — 
431 x+ ＋. 109 x5, we get y=.1826, 

N EXAMPLE, 


182. We have found r = 50914 d, in the firſt 
remark after Art. 172; when the ſhot is of caſt iron: 
now, if it weighs 18 pounds, the diameter 4 will be 
five inches, and hence 1 = 21214 feet, and as 5 
has been ſuppoſed equal to r; if we multiply 21214 
by .59262, the value of x found in art. 179, we 
get 12572 feet or 4190 yards for the greateſt hori- 
zontal range A K, which an 18 pounder can have 
when elevated at an angle of 45 degrees. G 

If the value of * (.32456) in Art. 180, be mul- 
tiplied by 21214, we get 6885 feet or 2295 yards 
for the abſciſſa A B correſponding to the greateſt 
ordinate, and .1826, multiplied by 21214, gives 


1 3873.6 feet or 1291.2 yards for the greateſt ordi- 


nate B D. 
| REMARK. 


In order to ſhew the near agreement of our Theory 
with the beſt experiments made by General William- 
ſon, &c. at Minorca in 1745, as mentioned be- 
fore; who, after many trials with various charges, 
found that nine pounds of powder carried an 18 
pound ball farther than any other charge : having 
alſo tried two 18 iron pounders, one of nine and the 


Other eleven feet long, found that of nine feet long 


carried its ſhot farther than that of eleven, under 
the ſame circumſtances : after this, he ſer down fix 


R experi- 
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experiments, made with that of 9 4160 yards, 
feet long, loaded with g pounds of 4135 | 
powder, and elevated at an angle of 4100 
45 degrees: their ranges were found 4019 
as in the margin. 3980 
This ſhews how nearly the range 4190, we found 
in Arte 182, by our theory agrees with theſe expe- 
riments; for we have ſuppoſed a greater projectile 
force than the ſhot could have, as ſhewn before: 
and hence it is plain, that the ſpecific gravity of air 
is + nearly, as we determined it after, Art. 147. 
For if we ſuppoſe it to be 4, as Cotes has it, then 


. . = 14850 feet, which multiplied by 


+ 59262, the value of x, gives 2933 yards; this be- 
ing leſs than any of thoſe above, ſhews that this 
ſuppoſition is contrary to theſe experiments, ſince 
this range ſhould be rather more than leſs, becauſe 
we have ſuppoſed a greater projectile velocity than 
the ſhot could have. 


If we make uſe of Sir Iſaac Newton's rule 7 = 
8 


* 
pate 1 according to our rule, we ſhall find 
r —= 9429 feet, which when multiplied by . 59262, 
the value of x, we get 1862.6 yards for the hori- 
zontal range, which plainly proves this rule to be 
deficient likewiſe : and if we were to make xy =2, 


as Cotes has it, the range comes out to be 1303.4 


for determining the orcateſt velocity, and ſup- 


yards only; and conſequently our determination of 


the ſpecihc gravity of the air, and that of the re- 
fiſtance, is the neareſt that poſſibly can be found. 
In all arts and ſciences of a mixt nature, a crite- 
rion is abſolutely neceſſary to try their certainty ; 
for the leaſt error, either. in the facts or ſuppoſitions, 


miſleads an author i in ſuch a manner as that the con- 
| dcluſion 
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clufion comes our quite contrary to what it ought to 
be: this has been the caſe of all the authors that 
have wrote upon motion in a reſiſting medium, for 
want of having good experiments to compare with 
their calculations: as to thoſe experiments which 
fome of them made, they were too diminutive to 
draw proper conſequences from them, whereby they 
could not eſtabliſh their theory upon a proper foun- 
dation. IE | 
| P ROB LE M. 
183. To find the velocity at the higheſt point D, and 


tbe time of deſcribing the arc A D. 


We have j—=2 b+6cxq-iz2dat +2of x3, 
by Art. 175; and as —b=1, —c 2 9428, — d 
. 43093, +f = 41090753 the equation becomes 
— j—=2 + 5.0508 x + 5.1716 & — 2.1816 x3 : 
and if we write the values of x and its powers found 
in Art. 180, we get — j== 4.30616; and as & is 
here unity, the equation * vv# =0, gives vv 
=.2322, which multiplied by 21214, the value of 
b, gives 4925.89 feet for twice the height through 
which a falling body acquires the velocity ſought 2: 
and if we multiply this height by 32.2, twice that of 
a body fallen througf in a ſecond, and extract the 
ſquare root of the product, we ſhall have 398 feet 
moved over uniformly in a ſecond by this velocity, 

By a method which will be given hereafter, for 
finding the velocities independant of the foregoing 
infinite ſeries, we find vv = 2328; which differs 
therefore by .0006 parts from that above: this ſhews 
how nearly the values of * have been found by the 
former operations. 7 

We have 7 = 5x + us + e Ipx+ by Art. 
178, 2ms = 12d — un, 2Þs = 20f — 2mnss ; and 
becauſe 55=2, #=1, d=. 430943, — f =.109073, 
we get 'm=.4142, — 5p = 1.337: therefore 7 = 
1.4142x ＋ K* + 138 1&3 — . 339 4. Now if we 

2 WII NE 
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write the values of x and its power found in Art. 
180, we get t =. 56g. But if this value be multi. 
plied by the ſquare root of 5 21214) WE ſnall have 
the height fallen through in that time, and if that 
height be divided by the ſquare root of 32.2, twice 
the height fallen through in a ſecond, we ſhall have 
the number of ſeconds imployed in che fall, by 25— 
pit in Art. 84. 

If therefore we divide 21214 by 32.2, and ex- 
tract the ſquate root of the quotient, we get 25.667, 
which, multiplied by . 865, gives 14.5 ſeconds for 
the time required, | 
Ca PROBLEM. 

184. To find the velocity with which the ſhot firikes 
the ground at K, and 1 time of deſcribing the while 
curve, 

We have — Rom 2 ＋ 5.6568x ＋ 5.1716x* — 
2.1816x3, by Art. 183; and by writing the values 


of x and its powers found in Art. 179, we get — 


j= 6.7145. But the value of 22 muſt be known 
before we can find that of vv as we have p= 1— 
25 — 2.8284x* — 1.7238x3 + . 344, by rt, 
180; by writing the values of x and its powers 
found in Art. 179, we get — j= 1.47026, whoſe 
iquare added to unity gives 2? = 3.1609; and by 

S* + vvj o, we get vv = .4558, and this mul- 
tiplied by 21214. the value of hb, gives 9669 feet 
for twice the height through which a falling body 
acquires this velocity; or if this number be multi- 
plied by 32.2, the ſquare root of the product, gives 
538 feet moved over .uniformly in a fecond by this 
velocity. 

We have f= 1. 414 C 5.13813 —. 339K 
and by writing the values of & bh its powers in Art. 
179, gives 7 1.176; and this multiplied by 
25.667, Art, 183, gives 30 ſeconds for the time re- 
quired, : 

t 


_ a 1 ©® peo 


1, (©) 2 


in a Reſting Medium. = 
It is evident that the value 1.47026 of y is the 


tangent of the angle in which the ſhot ſtrikes the 
ground, which therefore 18 55 degrees and 47 mi- 


nutes. 
PR OB L E M. 


18 5. Let the prajeclile velocity be half the greateſt 


poſſible, and the reſt the ſame as before, to find the ho- 
rizontal range A K. | | 


As „ = + by ſuppoſition, we have c = ,4714, 

=. 0488, —f—=.0626; and therefore the gene- 
ral equation becomes y =x —xx — 47145 — 
,0488x+ + .0C26x5, and when y =, then 1 = x 
+ .4714x#* + .0488x3 — ,0626x+, Hence by the 
general rule for finding the roots 1: 1: 1.4714: 1 
9916: 2.6714 : 3.6194 : 4.8845 : 6.5966 : 8. 
9087 : 12.03, and x =.7405 nearly, For if the 
value of x and its powers are wrote into the equation, 
we get 1 = 1.00000, | 


PR OB L. E M. 


186. To find the abſciſſa A B, correſponding to the 
greateſt ordinate B D. | 


The fluxion of the laſt equation, when J So, 
gives I = 2x + 1.4142x* 5 .1952x3 — ,3131xt, 
and finding the root of this equation, as uſual, we 
get x = .4 nearly, 
In ſearching the velocity at the higheſt point D, 
I found vv = .3179, and by the method given 
hereafter vv=.3177 3 ſo that the difference is .o0002 
only; which ſhews how nearly the value of x has 
been found by the infinite ſeries. 


PROBLEM. 

187, Let the projectile velocity be but one tenth of 
the greateſt; and the reſt as before, to find the horizontal 
range AK. | 

Becauſe 


$42 / Mitiow © Sed. VII. 
- Becauſe »=.1, by ſuppoſition, the general equa. 
tion becomes here y=x—x*—.09428x3 + ,0169x*; 
and when y=0; then 1==x = .09428x*—,01 69x3; 
hence we get 1: 1:1.09428 : 1.17166: 1.25793: 
1.3499: 1.4487 5 1.55062 : 1.6699; and x = .9318 
nearly. E 
Can © ROB LEM: 

188. To find the abſciſſa A B, correſponding to the 

greateſt ordinate B D. 


By making y =o, in the former equation, we get. 


1 = 2x +.2828x* — ,0676x3, and 1: 2: 4.2828: 
9.0636: 19.2032 : 40.68; hence x . 472 nearly, 
For x#* = .22278, & = ,10515 ; and theſe values 
wrote into the equation give 1 = 1,000, 


C OR. 

189. Hence, if theſe values of x and its powers 
are wrote into the equation found in Art. 187, we 
get y=,2405 nearly for the greatelt ordinate, 
And theſe values wrote into — 5 = 2 +. 5656x 
— ,2028x*, we get — 5 = 2.2178, Whereas, by 
the method hereafter, it ſhould be <- f= 2.22956; 
which therefore differs by .o117. 


| PR OB L E M. 

190. Let the angle of elevation be 30 degrees, and 
the projectile velocity the greateſt poſſible, to find the 
range A K. | 

Here we have 2 =. 57736, $=1.1547, by the 
tables of fines, 5s 4, and 31, by ſuppoſition; 
hence y . 57733 * — 5 #* — ,5132x3 —. 1684 


.0745x5, Now it we make „ =0, and divide by 


577335, we get I =1.1547x . 8889 /. 29098 
. 1297; whence. we get 1: 1.1547 : 2.2222: 
3.8833 : | 6.6664 : 11.6472 : 20.2181: 35: 
1379 : 61.0748 : 106.1377. and x = .57543 

8 N nearly 


e 
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nearly. For the values of x and its powers wrote 
into the equation give x == 1.00008. 3 

If this number be multiplied by 21214, the value 
of b, we get 4069 yards for the horizontal range 
AK. DT 

PROBLEM, 


191. Let the angle of elevation be 60 degrees, and 
the reſt as before, to find the horizontal range A K. 


By the tables of fines we have 3 =1.732, a, 
and as #= 1 by ſuppoſition, we get þ=2, , 
d = 1.512, —f = 1.428; and therefore y = 
1.732 — 2K — 43 x3 — 1.31284 ＋E 1.42 8&5. Now 
ify = 0, and we divide by 1.732, we get 1 
1. 154% + 1.5390x* + .873x3 —.8$245x*%. The 
root being found in the uſual manner gives x = 
49323, very nearly: for the values of x and its 
powers wrote into the equation give I = 1.000003. 
This number, multiplied by 21214 feet, gives 
3487.7 yards for the horizontal range, ſhort by 
581 yards to that when the angle of elevation is 30 
degrees. 


DOB LE Mt; 


192. Let the incligation of the plane AN, either 
above or below the horizon, be given, to find the point N, 
where the ſhot will hit that plane. 


Suppoſe p the tangent of the angle N A Q, then 
will Q.N y == px, and this value of y wrote into 
the equation of Art. 175, with a poſitive ſign when 
the point N is above the horizon, or negative when 

elow, gives + D = @-+ be +a? + dx3 pf x*; 
and 1-9 a=.1, 3 = 1, = 2, we get. = T 
9428x*? + ,43095x3 — ,10997x%, If both ſides atę 
divided by .g, we ſhall have 1 = 1.1111s + 
1.0475x* + 478 8X — .1212x+, Hence 1 : 1. 
1111: 2.282 : 4.1782: 744436 : 13.0262 : 24. 
0707 : 44.7425 : 81.178 : 147.2255, and x = 

| 55138 
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55138 nearly. For the values of x and its powers 
wrote into the equation give 1 = 1,00016, 

If the object is below the horizon and the reſt a; 
before, then — p=.1, and the equation will then 
be 1 = .g0909x I 857098*---3917783 . ogg 134, 
and x : . 90909: 1.68333: 2.70142 : 4.13896: 6, 
6631 : 10.381112: 16.62728 2: 26. 5577 41, 
64033 : 65. 89056 104.1574 : 164.871: 260, 
8211: 412.70435 : 653.0166 : 1033.24188, and 
therefore x ==.632 3 for if the values of x and its 
powers are wrote into the equation, goa 1 = 1, 
000000. 


PR OB L E M. 


193. The angle of elevation and the horizontal rang: 
being given, to find the ratio n of the x velocity to 
the projetlile one. 

If we ſuppoſe y o, in 5 175, we get a= by 
+ E ＋ hs Þ+ fx*z and 2b= f, 3c ng, 124 
2115+ — ans3, 6of = 4n355 — 8an*s* + Ass; theſe 
values, being wrote into the equation, give 

a = Ar oF * nx ＋ ange: +77 1355+ 
1 ansIx3— 2 annx* 
9 ns3x+ 

Now when the angle of elevation and the range x 
are given, the value of 4 may be found in the uſual 
manner. des | 

5 | EXAMPLE. 
194. Let the angle of clevation be 4.5 degrees. 
Then as a=1, $S=2: we get | 
1=x5-.942 81x*-4nmx3+.3771213x+ 
—,23571x3 - unn, \ 
＋. O47. 
Now if the range & 59262, then K*. 351198, 


* —. 208 127, * . 123343 and theſe wrote us 
the 


e 


F. in a Refiting Medium. 14 
the equation give 1 . 9262 . 2878 n +.072971* 
+ 046511 ; which gives 2= 1 nearly: ſor we get 
1 = -99990. wanting 00004 only, 

110 EXAMPLE. re, 

195. Let the angle of elevation be 45 degrees, 
and the horizontal range x = 7405; then as x* = 
64834, * . 40604, * = . 30067. Theſe values 
wrote into the equation of the laſt article give x = 
7405 ＋. 43544 110345 ＋ . 11338833, whoſe 
root 18 n=. 9 : for * .. 26 13 . 123, 1 . 06233 
and theſe values wrote into the equation give x == 
I.0000. | | | 

Theſe two examples agree exactly with the Art. 
179, 185, as it muſt happen; but when the value 
of u cannot be gueſs'd at, the value of x muſt be 
ſubtracted from unity, and both ſides divided by the 
difference, then the values of may be found by the 
general rule for finding the roots, 

coin BROS ES 

146. The ratio n of the velocities and the horizontal 
range being given, 10 find the ſine of the angle of elevation. 
It in Art. 175, we make y =o, the equation there 
found becomes a = bx cx + 4x3 , and 5 


| 2nnst— anz 4355 
=. An, d 1 Fas 7 &c. 


Now if z denotes the fine and ꝶ the coſine of the 
| : | Z I 
angle of elevation, then will a ==, 5 = =, by the 
7 4 
roperty of the circle; and hence 12 A 8 
Fre p —2un" 213? 
| 2un — 2 
4 = ——, 
I 24% —— 
wrote into the equation, and the whole multiplied 


Viv nx ꝛ2un— L NX * 
nr 1 
y u, BY To 18 * 134 


and f== g. Theſe values being 


Zul 124) 


8 Whence, 


* 
* 
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Whence, if we ſuppoſe x = az + b ＋ 23 J. 
di, and we write the value of x and thoſe of its 

87u2* 42 


3 9 

3124 4 ba 
5 ＋ 5 But if 4 denotes the ſine of 
the angle double that of elevation, then will a = 212, 
and 4 = 22 — 23 — &c. by the property of the 
circle; by writing theſe values into the laſt equation 
| | 2naa zunas 6834 
1 * = Gn — —̃ H— 
t becomes x : 5 9 | 13; From 
* 8 4 
hence we get a = x + * 1 . 

N. B. This ſeries is not exact, and gives the fines 
only nearly, as the following examples will ſnew; 
thus, if „ = 1, and x = .59262, then will a= 
.91257, which ſhould be unity by Art. 179; the 
difference being. o8 743. 

Again, tet» =1, and x = 57643, then will 
a= ,8660 ; but ſhould be 8743 by Art. 190; and 
therefore the difference is .0083 only. 

With all the ſkill I may have in infinite ſeries, I 
could not make this to anſwer exactly; it would re- 
quire two terms more at leaſt, which makes the 
calculation ſo very operoſe and intricate, that it is 
hardly worth while to attempt it: beſides in practice 
too much exactneſs is not required. 


powers, we get x = 2K — 


Second METHOD of ſolving the ſame Problem 
* by the differences. k 


PROBLE M. 


197. The ratio of the greateſt and projettile velocities 
being given, together with the angle of elevation, to find 
the velocity at the higheſt point D. 

Becauſe 


Ed Et Eine. ted Canto 1 * 8 p elite 2 PO a n l , 
5 „ * 8 P Sa F OY ** * * bn * ; * " 
3 r Js ö 9 . — 9 4 * 4 * ate. 4 * FP py * Fn N _ 4 "—_— 
o PGP A n ; ek Cr ee ea ee ee reef ch P 


in a Reſiſting Medium: 705 


Becauſe q—=} F by Art. 177, and 2 = +57; 
now if the firſt ſide be multiplied by z, and the ſe- 
cond by its equal Ma, we get 29 _ = bj 
vi+9* 3 and if I denotes the fluent of 5 v1i+5*; 
we ſhall have 79 == 2A ＋ hm for the fluent by the 
remark we made after Art. 80 3 but at the vertex D, 


1 3 | e, RR 7 * 
where Z= e e e, and 4 —=1, we get > = A; 


bm 


22 22 
and therefore r9 — = r + hn, org —=1 
r r * 3 
5 ; 22 | 
this value being wrote into the ſquare vv@ — = þz?, 
r | 


. hm a 
gives vv * 1 2 — b. From whence it ap- 


pears that the ratio of the velocity at the vertex, and 
any other point where the angle made by the tan- 
gent and abſciſſa is known, is given. 


Sa. 
198. Hence, we may deduce the values of & and 

J; for if we write the value 42 of q — into | 
8 bm 3 | 
: m 6 

i= 27 lciplying both ſides by 5 b 

= I elſe multiplying both ſides by 5, : 

by if 

(— Tb | 


It is to be obſerved that the equations juſt found 
are for the deſcent from the higheſt point D; but 
when the body aſcends, then m becomes negative; 

1 55 8 2 Can: 


1 
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7 
conſequently vv XI — + mag ba, A — and 
75 2 in this caſe. 
CO R. 


| "I. | r . 2 . 
199. Since we have Z= v and v 8 c by 


Ar. 177, we get Ng —= e413 or becauſe 17 


77 .— and $= 3. we get c. = 9 
I -In . 
EXAMPLE. OILS 
." 200. Let the angle of elevation be 45 degrees, and 
the projectile velocity at the point A equal to.the greateſt 
pefſible, to find the velocity c at the higheſt point. 


Then vv Xr n bras gives b= 


VU 
um; 
; : UVU | 
becauſe mM is here negative and 25 = u. Now as 2 


expreſſes the ſecant at A, we have Z= 2, and z=1, 


vv 
whence þ == i put the fluent of 5/7777 7 


gives m = 4% -þ log. FE + zs becauſe z=y/1-+j*; 
or becauſe y= 1, m = 2 + log. 1+ $= 2.2956; 


vv 
4.295 Hence, in an 18 pounder, 


we have 5 — 


oo = - 21214 teet, by Art. 182 ; conſequently, þ = 
2 6 fett. 

Before we apply this, to find the values of & and 

5, it will ſave much trouble to inſert the following 

table, where the values of m are under that letter, 

according to thoſe ſuppoſed of J under it againſt each 

| | other. 
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other. The uſe of this table will appear in the fol- 
lowing 

EXAMPLE, 


201. To find the abſciſſa A B correſponding to the 
greateſt ordinate B D. 


Becauſe þ — 8 or as vv r by ſuppa- 
ſition 5 = —— and if this value be wrote into 
. 4 DEPT + 
* — — We get * 1.29559 — 

95 m 9 un 21 n 
| 12.2959 2.04027 a, 1.26642 40-25077 
| +(0.67872|] 311.63064|| 5[1.75720} 1075722 
| 7311-42638 310.40205 99.3350 5 1.32727 
440. 3068 80] 510.82091] | 1.84322] 1.96340 


Now if the ſpace of which & is the fluxion be di- 
vided into ſix equal parts by 7 ordinates, then the 


parts of the baſe y will be o: S 5 123: +:2, or 
1 72:43:51 by ſubtracking "the correſpond- 


ing values of m from 4.29539, and dividing unity 
by the difference, we get . 23279 . 25248 27648: 
3079.1 34853 :. 40776 :. 5. Now making the 
ſum of 5 firſt and laſt equal to A, that of 
the ſecond and laſt but one equal to B, that of the 
third and laſt but two C, and the fourth D, then 
A=. 73279, B= 66024, C=.62501, D= 
305g; and writing theſe values into the form 
HAS 216B+27C + 272D 
4 e 
ſeven ordinates, and dividing the Sum 273. 0872, 
by the denominator 840, give x . 32511 for the 
number 
2 


„found in Art. 76, for 
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number required z which exceeds . 32456, found in 


Art. 180, by ,00055 parts. 


EXAMPLE, 
202. To find the greateſt ordinate BD, 


22 | : | 
— — whence it a 
2 from ppears, 
that if we multiply the ordinates found above each 
by the reſpective values of 5, we get o: . 04288: 
09216: .15359 : 23233 :. 33980 :. 6. Hence 
A., B = 8188, C=.32451, D=15359. 
Theſe values wrote into the form above, and the ſum 
153-5243, divided by 840, give y = .1827 ; that 
found in Art. 181, is .1826, 


EXAMPLE, 
To find the part B K of the range. 


In order find this part, the tangent of the angle 
at K muſt be known firſt ; to effect which, let 4 
be drawn parallel to the baſe BK, ſo as the tangent 
J at 3 be unity; then by means of the equations 


So HE 3 

429559 Fm T 4.29559 cont 
Da and a: now if we ſuppoſe the baſe 5 divided 
into five ordinates, then will o: 1: 4: 4: 1 : be the 
values of ; and dividing unity by the ſum of 
4.29339, and the values of , correſponding to 
thoſe of 5, we get . 23279 : .20822 : 18741: 
46874 : 13171; and hence A = . 3845, B = 
. 37696, CS. 18741. Thele values wrote in the 


general form e 1 — * 
Now if each of theſe ordinates be multiplied by 
the reſpective values o, 43, 4, 4, 1, we get 
©: . 052056: . 0937: 12633: .15171, hence A —= 
«15171, B=.1786, C = . 0937; theſe values, 

? | when 


Since 3 = 


„give ab —= 0188923. 


a Mt :; 


Fo 


A WW k. 


aus At at. um a. M&M © mw 4&4 A 


6 8 „ rn Sem a. a 
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when wrote into the general form above of five 
ordinates, give y = aD = . 08779. 

Now the queſtion is to find ſuch a value for 5, that 
the ſpace found by means of the equation y = 


—2 , may be equ ; 
* 7 qual to Ba; for this value 
being once obtained, it need only be added to unity, 
which is that at 5, to have that at K, by which the 
difference between BK and ab may be found. 

We have found BD = y=.1827, in Art. 202, 
and aD = .08779 juſt now, whence Ba =.0949 ; 
which being divided by the laſt ordinate .15171, 
found above, gives .6256, which muſt be. greater 
than the value of y required, which we ſhall ſuppoſe 
47; whence if the ſpace .47 be divided into two 
equal parts .235, then 1: 1.235 : 1.47 will be the 
parts correſponding of the baſe: then the values of 
mn, when y=1.235, and 1.47, will be 2.0005, 3.79, 
which 'being added to 4.29559, and unity divided 
by the ſum, give.15171: .15898 :.12376 : and theſe 
A -3B 

6 


ordinates, give. 1519; Which, multiplied by the baſe 
47, gives Ba = x =.07139, which being lefs than 
0949, ſhews the value 1,47 for y is too ſmall, and 
hence a greater muſt be aſſumed; and if we add this 
to 816, we get BK =.2603 inſtead of .2680, fo 
that the difference is .0077, ſo ſmall it would be 
needleſs to extend the explanation of this method 
any farther. The reader muſt be ſenſible, that the 
latter part is attended with great difficulties, the 
trials to be made for finding the tangent of the angle, 
in which the body ſtrikes the ground, are ſo very 
tedious and operoſe, that this method will hardly 
ever be uſed, at leaſt the latter part; as to the firſt. 

it 


values wrote into the general form 2, for three 
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it may be applied to good purpoſes, and the reſt ſup- 
plied by what we ſhall ſay in the 


THIRD METHOD. 
PROBLEM. 


204. The proj ſelßile velocity at the vertex D, being 


given, to find the 4500 riſa AB correſponding to the great- 
eſt erdinate BD. 

We have y e x5 + dx+ | fs Juggs ＋ A,, 
by Art. 177 3 and þ „ , 04 ==; 607 — 
497 + , 180g —= 4n* ＋ inn, 315k = 215 + 1613 
—+#. It is to be obſerved, that this ſeries was con 
tinued further than the former, becauſe all the 
terms, which contain the odd powers of æ, become 
negative in the aſcent of the body, and u expreſſes 
the ratio of the greateſt and projectile velocity at the 


vertex D. 


Now ſince 2 by Art. 2003 and = 


— . 2 3273, becauſe 1 vv by ſuppoſition, 


4-29559 
and * = ,05419, 43 = ,01261, 2 = 00293; 
#5 =,;00068,, Hence +— 4, _c== 07759, d = 
00903, f = 00472, 8 = 00217, k = 00037 ; 

thele values wrote into the equation before give 
„ * + 0775983 5 .00903x+ . o - 
-.00217x* 5- .0003787 : and the fluxion of this equa- 

tion will be * + 232797 ＋ ,03613x3 + 
.0236* + „ee. + ,00194x*. By means of theſe 
two equations all the ſeveral parts of the projectiles 
may be determined; but as the value of y is greater 
than unity, the 2 will not converge without that 
of x being diminiſhed, which is done in the ſhorteſt 
manner by writing 2x. inſtead of x; we ſhall then 
have f = 2x+.. 931287 ＋ .289x3 115 3776 + 
41734 . 124: by this means the value of «1s 
diminiſhed 


ac ans. ˙ U! “q — . V-! ..! 


ASA 
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diminiſhed to one half. It muſt be obſerved that 
every other term in theſe ſeries become negative in 
the aſcent. 
EAM TL x. 


205. The angle ef elevation at A being in the cafe 
above 4.5 degrees. 


The fluxion 5 being the tangent when & is the ra- 
dius, and therefore 5 — x = 1, by ſuppoſition, we 
get I = 2K — ,9312x* + .28983 — ,37760x+ + 
.4173x5 — .1242x®, in the aſcent ; and by the me- 
thod of finding the roots we have x = .697 ; for 
this value wrote into the equation gives 1=1.00513. 

Now 2x = 1.394 = AB, when multiplied by , 
and as þ = 4938.6 feet by Art. 200, that abſciſſa 
will therefore be 6884.4 feet; and as we have found 
6885 feet in Art. 182 for that diſtance, the difference is 
only .6 of a foot. Now, to find the greateſt ordinate 
BD, we muſt write the value 1.394 of x, and that 
of its powers, into y=4x* —.097 59x3 + ,00903x+ 
— ,0049x5 + ,00217x* — ,00037x7, which give 
3=.78283 ; and this value, multiplied by 4 = 
4938.6, gives BD = 3866 feet; which is leſs by 
7.6 feet than that found in Art. 182. 


ExaMPLE,. 


206. Let it be required to find the remainder BK of 
the horizontal range. 

Becauſe y = . gx + .07759x3 + .00903xt + 
,00472x5 + ,00217x5, and y = ,78282 ; if we di- 
vide by this value of y we get 1 = .638708x* + 
ogg + .o115x+ + .oo6x5 ＋ .002776x* : the 
ſquare root of this equation is 1 =+7992x +.062x* 
T. oo + ,0007x+ z whoſe root is x = 1.1514, 
For by writing this value of x, and thoſe of its 
powers into the equation, give 1 = 1.00728 nearly , 
which ſhews that this value is ſome very ſmall mat- 
ter more than the real one. FR 

T It 
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If this value 1.15 14 of x be multiplied by 4938.6 
Feet, that of b, we get 5686.3 feet for BK ; and as 
we have found 4687 feet for that diſtance, in 4; 
x82, the difference is not above one foot. 

It is plain that j= * +.2327x* + .0961x3 
0276 expreſſes the tangent of the angle in which 
the ſhot ſtrikes the ground, and as 5 = 16438, that 
angle will be 58 degrees and 45 minutes, which ex. 
ceeds that found in Art. 184 by about two degrees, 

We have thus ſhewn how the ſeveral problems of 
this kind may be ſolved by three different methods, 
all ſufficiently accurate for practice, wherein no ma- 
themarical exactneſs is required more than to come 
as near as it can be done upon the ground; for as 
the batteries and the object are ſeldom upon an exa&t 
level, the gunner goes by gueſs only, and when the 
object is either much higher or lower, the difference 
is only judged at by the eye: and when the ſhot or 
ſhell falls ſhort or exceeds the mark, the powder is 
increaſed in one caſe and diminiſhed in the other. 

There are many other problems given by authors; 
fuch as to find the ratio of the reſiſtance to the force 
of gravity, ſo that the body may deſcribe a given 
curve, or to find the curve deſcribed by the body, 
when the reſiſtance 1s to its gravity in any other ra- 
tio than that of the ſquares of the velocities ; but as 


there are no other laws in nature, as far as I can. 


find, and ſerve only to puzzle the reader, and to 
loſe his time in uſeleſs inquiries, we have not men- 
tioned them, and refer ſuch readers as are fond of 
needleſs ſpeculations to auihors who wrote pro- 
feſſedly on them. 5 
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SECTION VIII 


The-true Figure of the Earth determined from 
actual Meaſures. 


\INCE Sir Iſaac Newton has firſt determined 

the figure of the earth, in his Principles of Na- 
tural Philoſophy, moſt mathematicians of the firſt 
claſs have made it their principal ſtudy, Many works 
have ſince appeared upon this ſubject without agree- 
ing upon the ratio of the axis to the diameter of the 
equator, notwithſtanding the meaſures of a meri- 
dian degree made ſince in different latitudes, and 
the great number of experiments made upon the 
length of pendulums vibrating ſeconds in differenc 
parts of the world. 

Sir Iſaac conſidering the earth as a fluid body, and 
upon this ſuppoſition, that any meridian ſection muſt 
be an ellipſis, otherwiſe the particles of matter could 
not remain at reſt amongſt each other in the revolu- 
tion of the earth about its axis, and beſides that there 
can be no other figure*in nature which has that pro- 
perty; from thence, and the meaſure of a meridian 
degree in France, found that the ratio of the axis to 
the diameter of the equator was as 229 to 230. 

But finding afterwards that, by ſome experiments 
on pendulums made in the Welt Indies, this ratio 
mult be ſomething greater; and yet moſt authors 
make it leſs, as Maclaurin, Thomas Simpſon, and 
Clairaut ; as to Bouguer, he makes it much greater 
than it ſhould be. 

It is for this reaſon, I have attempted to find this 


ratio more accurately, by means of ſome properties 


of the ellipfis, and the two beſt meaſures of a meri- 
dian degree, near the pole and the equator, and 
"TY tound 
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found it to be as 215 to 216. That this ratio is the 
neareſt poſſible, expreſſed by three figures, appears 
by its agreeing as nearly as can be with the actual 
meaſures and the experiments made on the length of 
ndulums vibrating ſeconds in different latitudes. 
Had authors compared their theories with the ac- 
tual meaſures and experiments, they would have 
found, that their ratios were not ſufficiently exact; 
which is the beſt and moſt certain method in philoſo- 
phical inquiries. The French have ſpared no pains 
or expence to determine this queſtion ſo uſeful in 
2ography and navigation, and though they have 
| 6h By beyond expectation in their meaſures near 
the pole and at the equator, the caſe is quite dit. 
ferent with thoſe in France; for there are no leſs than 
five different meaſures of the ſame degree, &c. 
57060, 57292, 57183, 57074, and 56926 toiſes: 
ſometimes it is ſaid to be the meaſure of a meridian 
degree at Paris, and at -others the mean meridian of 
France. In ſhort, theſe meaſures are ſo uncertain, 
that it is not ſafe to apply them to any particular 
meridian, for want of knowing where they begun or 
where they ended; for Clairaut, Maupertius, and 
Bouguer do not mention any. thing about it in their 
works. | yo 
In what follows we ſhall ſuppoſe, with other authors, 
that all celeſtial bodies attract each other in the ratio 
of their quantities of matter directly, and the ſquares 
of their diſtances inverſly : this Sir Iſaac has proved 
ro be ſo in all the planets, and from thence that this 
law was univeral, 


THEORE M. Fig. 57. 
207. A particle of matter placed on the ſurface of a 


ſphere AM QD is attracted towards the Center C, ty 
# force proportionally to the radius C M. 


For 


determined from aftual Meaſures. 157 


For the quantity of matter in a ſphere of an uni- 
form denſity, is as the cube of its radius; and ſince 
the attraction is as the quantity of matter directly, 


and the ſquare of the diſtance inverſly, the attraction 


of a particle of matter placed on the ſurface of a 
ſphere is therefore, as the cube of the radius di- 
rectly and the ſquare inverſly ; that is, as the radius 
r | 

This has likewiſe been proved by Sir Iſaac, in 
Prop. 72. Book I. 


COR. 


208. Hence, if the attraction ſhould ceaſe at a 
certain diſtance CI from the center, or be deſtroyed 
by another force in an oppoſite direction, it is evi- 
dent, that there would be a hollow within of a con- 
centric ſphere. 

That there is a repelling force in nature, is con- 
firmed by many experiments ; but whether it reaches 
ſo far as the center of bodies, is not certain: it is 
true the attractive force ſeems to reach ſo far, and 
by a parity of reaſon the repelling force may do the 


ſame. | 
HE AAN E M. Fig. 38. 

209. Va ſphere, whoſe particles are freely diſpoſed, 
turns round one of the diameters Aa as an axis, with 
ſuch a force as may be compared to that of attraction, the 
ſphere will be changed into a ſpbercid. 


Let PM be perpendicular to the axis A a, and 
reduce the force of attraction, in the direction CM, 
into the perpendicular PM and the parallel CP, to 
the axis AC; then the force of attraction at M, in 
the direction MP, will be to the force of attraction 
at D, in the direction DC, as PM is to CD; and 
ſince the centrifugal forces in different circles, in 
equal times, are as their radii, Art. 114, the cen- 
trifugal force at M is to the centrifugal force at D, 
are 
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are likewiſe as PM to CD. Now as the centrifugal 
force acts in a contrary direction to that of gravity, 
it will dimioiſh it in proportion as it approaches to 
the equator CD : whereby the ſphere will be pro- 
tracted at the poles, and riſe towards the equator, 
otherwiſe the particles of matter could not remain in 
a ſtate of reſt, "RI, | 

Let MN be to DB as the centrifugal force at M 
to the centrifugal force at D, then will PM : CD:: 
MN: DB, and by compoſition PM: CD:: PEN: 
CB. Which is the property of the ellipſis. 

COR. 

210. It is manifeſt that the ſpheriod becomes pro- 
eminent at the equator in proportion as the centri- 
fugal force increaſes, or, which is the ſame, as the 
periodic time decreaſes, till the centrifugal force be- 
comes equal to that of gravity, and then the par- 
ticles of matter would remain ſuſpended between the 
two equal forces ; but if the centrifugal force ſhould 
prevail the leaſt, they would fly off without end. 

COR. | 

211, It is no leſs evident, that if the particles of 
matter were of different denſities, it would not 
ehange the nature of the figure. For in the forma- 
tion of the body, the particles would naturally diſ- 
poſe themlelves ſo as to be at reſt with each other, 
and the heavieſt would by their greater force ap- 
proach the nearer to the center; and no other change 
could happen, than that the ſpheroid would be denſer 
near the center than at the ſurface: the centrifugal 
force mult produce the ſame effect in both caſes. 

8 COR. 

212. If there was an empty ſpace about the center 
of the ſphere at reſt, when that ſphere is changed in- 
to a ſpheroid by its revolution about its axis, the 
hollow ſphere will at the ſame time be — 

| N 8 2 P 21Ce 
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a ſpheroid ſimilar to the outward one. For the cen- 
trifugal force, as well as that of attraction, will act 
in the ſame manner upon every particle of matter, 
whether the ſpheroid was hollow within or not. 


REMARK. 


It is bighly probable that all the planets are hollow 
within, from this general maxim in philoſophy, that 
nothing has been created in vain, and mòre is in vain 
when lefs will do; and ſince after a certain thickneſs 
of matter near the ſurface, there ſeems to be no more 
neceſſary, at leaſt as far as we can judge; yet as men 
can reaſon but from appearances, and they are in 
favour of an emptineſs within the planets, there is 
no abſurdity to ſuppoſe they are ſo in effect. It ap- 
pears likewife that all bodies formed by the mutual 
attraction of the particles will aſſume the form a ſphere, 
if no impediment intervenesand they do not turn about 
an axis, this appears from drops of water and quick- 
filver: but if theſe bodies revolve about an axis, 
they will become ſpheroids, more elevated at the 
equator than at the poles : this is evident in fluids, 
and even when ſome parts are only ſo, as has been 
found by obſervation in all the planets, although it 
is not certain whether they contain any fluid matter 
or not. 
THEOREM. 


213. The direction of gravity on the ſurface of pranets 


is every where perpendicular to the ſurface. 

Experience ſhews it to be ſo in regard to the earth, 
and it is manifeſt from the laws of hydroftatics, that 
the direction of gravity in all fluids muſt be per- 
pendicular to the ſurface, otherwiſe the particles 
could never be at reſt amongſt each other: it is 
no leſs evident, that the direction of gravity is the 
fame every where elſe, ſince bodies could not remain 


at reſt after their fall. For ſuppoſe A M, Fig. 54. 
5 . 
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to be a part of the ſurface, CM the direction of gra- 
vity; then it is manifeſt, that if the angle CMT, 
made by the direction CM and the tangent MT to 
the ſurface at M; be leſs than a right angle, the 
body, inſtead of remaining at reſt after the fall, 
would move in the direction MT, which is contrary 
to experience. As all planets revolve about their 
axes, and the attraction acts upon them in the ſame 
manner, and by the ſame law, as upon the ſurface 
of the earth, it muſt evidently follow that the ſame 
cauſes produce the ſame effect. | 

N. B. Several authors endeavour to find the di- 
rection of gravity by a long and tedious inveſtigation, 
without having regard to the laws of hydroſtatics, 
and ſome pretend, that it deviates from the perpen- 
dicolar; this ariſes from their ſuppoſing the ſphe- 
roid to be at reſt : and as this is contrary to fact, 
their concluſion is evidently erroneous. 


THEOREM. Fig. 59. 


214. The attradlion towards the center of a partic, 
placed on the ſurface of a planet, is as its diſtance from 
the center. | | 


Becauſe three powers or forces remain in a ſtate of 
reſt, when they are to each other as the reſpective 
ſides of a triangle formed by their directions: if Aa 
be the axis, CB the radius of the equator, MK per- 
pendicular to the tangent at M, and CM a lemi- 
diameter; then becauſe MK is the direction of gra- 
vity at M by the laſt, CK that of the centrifugal 
force at that point, and CM that in which the at- 
traction tends towards the center: therefore CK is to 
KM as the centrifugal force is to the force of gravity, 
and KM is to CM as the force of gravity is to its 
part by which it tends towards the center, This has 
been proved by Sir Iſaac in the 3d Cor, after Prop. 
91, Beck I, from different principles. e 

N ; COR. 


s 
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COR. 


215. Hence, if MK be produced till it meets the 
conjugate diameter CN to CM in L; then if the 
centrifugal force, expreſſed by CK, be reduced into 
two others CL, LK, the firſt perpendicular and the 
ſecond parallel to the direftion MK of gravity, ML 
will expreſs the total force of gravity, and MK the 
part by which it acts on a particle placed at M, 
after being diminiſhed by LK or the centrifugal 
force. This has likewiſe been proved by Clairaur, 
p. 188. If the gravity in any given latitude be 
known, the total gravity ML and the centrifugal 
force CK may be found; 


3 COR. 

216. When the point M coincides with the point 
B in the equator, the perpendicular MK becomes 
equal to the parameter of the ſemi-axis CB, by the 
property of the ellipſis: hence, if à expreſſes the 
26 of gravity at B, then will CB: CA:: CA: a; 
and when the point M coincides with the point A, 
then MK becomes equal to CA; that is, if p ex- 
preſſes the gravity at the pole, then will CB: CA :: 
p: a; which ſhews, Wat the force of gravily at the 
pole is to the force of gravity at the equator reciprocally 
as the radius of the equator is to the radius of the axis, 
This is likewiſe proved from ſtatics. 

C OR. 

217. If PM be drawn perpendicular to the equa- 
tor CB; then becauſe the centrifugal force CK at M 
is to the centrifugal force at B, as CP is to CB, by 
the property of the ellipſis; or as the circumference 
deſcribed by the point M is to the circumference de- 
{cribed by the point B. This agrees with what has 
been proved in Art. 114; and therefore confirms 
what has been proved in the Articles 213, 214, 215, 
and 216, ; 

U Theſe 
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Theſe are the only elementary propoſitions neceſ- 
ſary to determine the true figure of the earth from 
obſervations, which being deduced from the nature 
of the ſubject, and ſome properties of the ellipſis, 
are ſo plain and eaſy as to leave not the leaſt doubt 
of their certainty z which is not ſo with moſt authors, 
who make uſe of fluxions and infinite ſeries : for if 
the leaſt miſtake happens, it is difficult to find it out 
in long and tedious algebraic computations, the 
deducing a wrong direction of gravity is a convincin 
inſtance, beſides many others equally as abfurd. 


PROBLE M. 


218, The ratio between the actual gravities in twy 
different latitudes being given, 1o find the ratio betweey 
the axes of the ellipſis. 

La Ch=1, CA = ere , and 
1— 5 n; then will y= 5x 1 un be the 
equation of the ellipſis, and PK = bu; and as the 
ſum of the ſquares of KP and PM is equal to the 
ſquare of MK, we have MK* = bbx1 — uu —-bbuu, 
But to find ſuch a value for MK as may be applied 
to practice, let 7 be the fine and s the cofine of the 
latitude MKB, the radius being unity ; then will 
PK (Ou): PM (y)::5:7, or $y = bbur, and 
writing the value of y into the equation yy = bb x 
1 — un, we get bbrrunu =, Ss — uss, and this value 

4 
of uu into that of MK?, gives MK = _ 
when reduced under the fame denomination, and 
unity wrote for its equal 77 + 5s, or becauſe 1— 0 


— HM, bb —= MK Isar. 


COR. | 
219. Since, when the point M coincides with 
point B in the equator, then will T = e, and the laſt 


equation becomes 65 = MK; hence, if p is to 4 5 
Gs 


; 
3 


| » 
determined from actual Meaſures, 


the gravity at any point M is to the gravity at the 
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bb 
- =, r 8= 
| rr P 
* i urr; which ſhews, zbat the force of gravity in any 
latitude M ts to the force of gravity at the equatcr, as 
unity is io V 1—nrr, when r denotes the fine of that lati- 
tude. From whence the ratio of the axis to the dia- 


meter of the equator may be determined, 
COR, 
124 
220. Since IE r, nearly, the 


laſt equation @ =p V I urr gives L anrr =P — 03 
and as gan is conſtant in the fame ſphere, the dif- 
ference Þ— a, between the gravities in any latitude 
M and at the equator, is as the ſquare of the fine 7 
of that latitude nearly. From whence follows the 
common rule given firſt by Sir Iſaac, that the in- 
creaſe of gravity from the equator towards the pole, is as 
the ſquare of the ſine of the latitude nearly. 

From this Corollary it appears, that the decreaſe 
of gravity near the equator is much greater than to- 
wards the poles, becaule the fines increaſe much 
faſter at the beginning of the quadrant than near 
the end; for which reaſon, experiments made on 
gravity near the equator are much more uncertain 
than tarther off; becaule the errors in point of lati— 
tude are more there than ellewhere : as pendulums 
which vibrate in equal times, and by which the ratio 
between gravities are diſcovered, their exact lengths 
are extremely difficult ro be found, as will appear 
from thoſe two in the latitudes of 39 22' and 53? 
I1/; tor their difference is no more thin ,004 parts 


equator, we get a: :: bb 


of an inch. It will therefore he more convenient to. 


find that ratio by ti meaſures of two meridian de- 
grees in two differeat latitudes, as far diſtant from 
each other as can be; for which reaſon we ſhall uſe 
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thoſe meaſured at the equaror and near the pole, 
which at the ſame time are the moſt exact of any we 


know of. 
PROBLE M. 

221. From the given ratio between the force of gra- 
vity at Paris and at the equator, to find the ratio be- 
tween the axis and the diameter of the equator. 

Mr. Clairaut ſays, in page 193, that a body de- 
ſcends through a ſpace of 2174.11 lines in a ſecond 
at Paris, and in the next page, through a ſpace of 
2168.75 lines at the equator theſe numbers divided 
by 5, in order to reduce them to a leſs denomination, 
gives Þ = 43482, and a — 43375. Now as Paris 
is in the latitude of 489 go, according to Clai- 
raut, we have r = 732798, or rr — .5667 nearly ; 
and theſe values wrote into the equation anrr —=þ 
— a, Art. 220, give #1 = : from whence 
we get I —#=bb=— 431733, whoſe ſquare root is 

= +123, after having been divided by 7. 

Hence, the neareſt ratio between the axis and dia- 
meter of the equator, expreſſed by three figures, is 
that of 248 to 247, according to theſe gravities ; 
and not that of 230 to 231, as Maclaurin, Simplon, 
and Clairaut would have it, by Clairaut's own prin- 

ciples. 
| PROBLEM. 

222, From ihe known meridian degrees in two dif- 
ferent latitudes, to find the ratio of the axis to the dia- 
meter of the equatcr. 

Becauſe ſimilar circular arcs are as their radi, 
and the ſingle degrees of an ellipſis are ſenſibly 
equal to a degree of the circle deſcribed by the 
radius of curvature; the degree of a meridian at 
any point M is to the meridian de gree at any other 
point as the radius of curvature at M is to the 
radius of curvature at the other point. But the 
radius of curyature at the point M is equal to be 

cube 


determined from aflual Meaſures. 163 il 
cube of the perpendicular MK, divided by CAs, 4 


Art. 42, and ſince bb = MK r. Art. 218, | | 
the radius of curvature at M will be expreſſed $ 
by bb X 1 — url; for the ſame reaſon, if 5s denotes | 1 
the ſine of any other latitude, 3b x 1 — 4, will * 
expreſs its radius of curvature. | q 
COR, * 

223, Hence, as the ſine q at the equator vaniſhes bx * j 
Isg 2, becomes 235: therefore the meridian de- | jt 
gree at the equator 1s to the meridian degree at M as 4 
bb E 0 bb XI — 771 7, Or AS ] — arr l—3 to unity, | | 
Hence, the meridian degrees at the equator and in 1 
any latitude being given, the ratio of the axis to the 1 
diameter of the cquator will be found, and on the 1 
contrary, the ratio of the axis to the diameter of the by 
equator being given, that of the meridian degrees 7 
may be determined. 4 
| EXAMPLE. " 
224. Suppoſe þ = 332, according to Clairaut A 1 
and others, then will 1 — % =# = Jig, and 4 
as the fine of the angle 66? 20', which anſwers to 4 


the middle of the meridian degree meaſured by Mau- 
pertuis and others, is 1.91389, and its ſquare 0 
rr — 838883; this value and that of » wrote into if 
V 1—arr give. 9963), whoſe cube is. 989 14 nearly; 
and as the meridian degree, in the latitude 66" 20/, | 
has been found to be 57838 toiles, fee page 162, 
Maupertuis, we have by Art. 223 this proportion 
1: 98914 :: 57438 : 56814 toiſes for the meridian 
degree at the equator, which exceeds the meaſured 
one 56753 by 61 roiſes. | 

If we ſuppoſe þ = 4332 with Sir Iſaac, we ſhall 
find 56811 toiſes, which exceeds the meaſured one by 
58 toiſes : if we take 57422 toiſes for the meridian 
degree at the pole, as corrected by Bouguer, we ſhall 


find 
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find 56798 toiſes, which exceeds the meaſured one 
by 45 according to Clairaut, and 42 according to 


Newton. 
PROBLE M. 


225. From the known meridian degrees at the equa- 
tor and ncar the pole, io find the ratio of the axis to the 
diameter of tie equatcr, 


Becauſe 1 — rr === 1 Ae arr nearly by the bi- 
nomial rule, we have by the proportion in Art, 
223, 57838 : 56753:: 1:1 — àrr, and be- 
cauſe rr = 83983, by Art. 224, we get #=44372_ 
and 1 - = bb — 4?3+73, or dividing by 5 
S D480, whoſe ſquare root is þ = 169218, 

The neareſt ratio expreſſed by three figures is 
greater than that of 211 to 210, and leſs than that of 
632 to 629; but nearer to the laſt. This is true 
upon the ſuppoſition, that the meaſures of the meri. 
dian degrees are exact; but as this ratio does not 
agree with the obſervations on pendulums, there 
mult be ſome {mall error or other: if the correction 
mentioned by Bouguer, page 290, be admitted, 
which makes the degree near the pole 37422 toiles 
only, we ſhall find in the ſame manner as before, 
that 1 = 144337 and bb = 44, whoſe ſquare | 
root gives þ = 481. 

Hence the neareſt ratio between the axis is leſs 
than that of 214 to 215, and greater than that of 
215 to 216; but neareſt to the Taft. 

That this ratio is the neareſt to the true one, of 
all thoſe found by other authors, appears from its 
exact agreement with all the meaſures of a meridian 
degree in different latitudes, and with all the beſt 
experiments made on the lengths of pendulums vi- 
brating ſeconus, as the following, examples will 
fhew, 


EXAMPLE. 
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EXAMPLE. 


226. The meridian degree at the equator being given, 
to find that near Pellow in the latitude of 66* 20. 

Since þ = 34+ by the laſt, or þþ = 46225, we 
get n = 75> 3 and becauſe rr = .8 3885, by Art, 
224, we get Vi — rr = 99611, whoſe cube is 
98837, and by the proportion in Art. 223, we have 
98837: 1:: 56753 : 57421 toiſes for the meridian 
degree at Pellow, which wants but one toiſe of the 
corrected one, 8 | 

EXAMPLE. 


227. The meridian degree at the equator being given, 
to find that at Paris in the latitude of 48* 50. 


We have rr = . 5667, by Art. 221, and as 2 = 
ass, by the laſt, we get V1 —nrr = .99738, 
whoſe cube is. 992 16, and by the proportion in Art. 
224, we have 99216: 1: : 56753 : 57201 toiſes 
for the meridian degree at Paris, which exceeds the 
corrected one 37183 by 18 toiles. 

That the length of the meridian degree at Paris, 
we have juſt now found, is pretty exact, appears 
from the meaſure of gravity at Pellow and at Paris, 
made by Maupertuis, which he ſays is as 1.0014 to 
unity, page 226, Engliſh edit. As Pellow is 1n the 
latitude of 66* 48', whoſe fine 1 is = .91913, and 


rr —.8448 nearly, hence we get V 1: rr ==,996 
nearly, the cube of which is .988, and by the pro- 
portion in Art. 223, .988 : 1 : : 56753 : 57442 
toiſes for the degree in that latitude. And as the 
meridian degrees are as the cubes of gravity, Ar. 
222, the cube 1.0042 of 10014 is to unity, as 
37442 is to 57201 toiſes, for the meridian degree at 
Paris, which is exactly the ſame as that computed 
before; conſequently, the true meridian 9 of 

aris 


* 
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Paris cannot differ from that here computed more 
than in the laſt figure. 


EXAMPLE. 


228. The meridian degree of the equator being given, 
to find that at London in the latitude of 51* 22. 


The fine of this latitude is r 2. 78297, and rr — 


61304 nearly, and hence V 1—nrr=.997164, whoſe 
cube is. 99152; and therefore .99152:1:: 56752: 
57238 toiſes for the meridian degree at London. 
The meridian degree meaſured by Mr. Norwood 
from London to York is different from that here 
found ; for the difference between theſe places is 
2* 28', half of which, added to 51* 32“ of 
London, gives 52* : 46' for the middle latitude of 
that diſtance, whoſe fine is r . 796178 and rr — 


6339 nearly; hence V1 —mr=.99707, whoſe 
cube is. 99 1233 and therefore. 99 123: 1:: 56753: 
57255 toiſes for the mean meridian, which is leſs 
than 57300, that found by Norwood, by 45 toiſes ; 
and as this difference is greater than any error that 
could proceed from any inaccuracy of computation, 
it muſt have been an error of meaſurement : that 
this is the caſe appears from the next example, where 
the length of a degree is leſs, though 4% 15' more 
northerly. . 
EXAMPLE, 


229. Thelength of a meridian degree at the equator 
being given, to find that at Edinburgh, in the latitude of 
55 47“ 
The ſine of that latitude is . 82692, and rr = 


.68370, and hence Y 1 — zrr=.99684, whoſe cube 
iS .99055, and therefore .99055 : 1: : 56753: 
57294 toiſes, for the meridian degree required. 


EXAMPLE. 
2 


hs 7 | , 9 — 
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EX AM pp I k. 


230. The meridian degree at the equator being given 
to find that at Dublin in the latitude 95 3 1 55 n 


The fine is here y. 800557, and rr . 6408 , 
and ſo V 1—yrr = .99703, whoſe cube is. 99 1123 
and therefore. 997 112: I :: 56753 : 57261 toiſes 
for the meridian required, 

Having ſhewn how to find the meridian degree in 
any given latitude, in a more conciſe and exact man- 
ner than any author has done before, which is very 
uſeful in correcting geography, and in navigation, 
it remains now to ſhew how to find the length of 
pendulums vibrating ſeconds in any latitude, in as 
correct a manner as can be expected, and by which it 
will be confirmed how exact the ratio of the axis to 
the diameter of the equator has been determined, 


PROBLEM, 


231. The length of a pendulum vibrating ſeconds in 
. any latitude being given, to find the length of a like 
pendulum in any other latitude. | 


We have ſhewn, in' Art. 107, that the lengths of 
pendulums vibrating ſeconds in any latitude are as 
the force of gravity in that latitude, and in Ai. 219, 
that theſe forces are inverſly as V 1 — arr, when 7 
denotes the ſine of the latitude; and therefore at the 


equator, unity is to V 1 — urr as the length of a pen- 
dulums vibrating ſeconds, in the latitude whoſe ſine 
is r, to the length of a like pendulum at the equa- 
cor. | 


EXAMPLE. 


232. Mr. De Mairan found by a great number 
of very accurate experiments, that the length of a 
pendulum vibrating ſeconds at Paris is 440.567 lines 
French meaſure : a line is the twelfth part of an ** 

an 
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and as V 1 — rr =.99738 in that latitude, by Axt. 


227, we have 1 : 99738 :: 440.567 : 439.4127 
lines for the length 14 a pendulum vibrating ſeconds 
at the equator. 

Sit Iſaac has found this length to be 439.468, as 
may be ſeen in his table, page 247, Eng. edit. but 
he obſerves afterwards, page 250, that the earth is 
more elevated at the equator than he had computed 
it; the length of his pendulum muſt of courſe be 
ſhorter : on the contrary, Bouguer makes it 439.21 
lines only, page 342; but we ſhall ſhew hereafter for 
what reaſon he differs ſo much in his meaſure from | 
other authors, 


EXAMPLE. 


233. The length of a pendulum vibrating ſecends at 
the equator being given, to find the length of à like pen. 
dulum at Pellow in w in the latitude of 66 480%. 


We haveV 1 — wr = .996 nearly, by Art. 227, 
and therefore .996: 1 : : 439-4127 : 441.177 lines 
nearly, by Art. 231. | This agrees with that found 
by Maupertuis, p. 226, Eng. edit. 

Ex AMG I. E. 


234. The length of a pendulum vibrating ſeconds ai 
the equator being given, to find the length of a like pen- 
dulum at London in the latitude of 51* 32/. 


. WehaveV1—zxrr=.99716, by Art. 228, and 

hence .99716 : 1: : 439.4127 : 440.6642 lines for 
the length required. Now as the French foot is to 
the Engliſh foot as 114. is to 107, this length will be 
469.4927 lines, Engliſh meaſure ; or dividing by 12, 
39.1244 inches, which wants but .0006 parts of an 
inch of the length 39.125 found by Dr. Halley, 


from ſeveral accurate experiments. 


The ſame length would have been found, if! it had 
been deduced from that at Paris. 


The 


wp 
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The near agreement between the lengths of pen- 
dulums deduced from theory, with thoſe found by 
experiments, ſhews how nicely the experiments muſt 
have been made, and how accurately we have de- 
termined the ratio between the axis and the diameter 
of the equator, | : 

The length of a pendulum vibrating ſeconds at 
London, ſaid to have been found by Sir Iſaac, is 
39-207 inches, which is abſolutely erroneous. For 
when converted into French meaſure gives 441.594. 
lines; whereas that at the pole is only 441.387, as 
determined by Sir Iſaac, as may be ſeen in his table, 
page 247. 
5 0 EXAMPLE 
235. The length of a pendulum vibrating ſeconds at 


the equator being given, to find that of a like pendulum 
a Edinburgh in the latitude of 55* : 47/. 


We have found V1 — ur. 9968, in Art.229 3 


and hence. 9968: 1: : 439.4127 : 440.809 lines for 
the length required; which, when reduced into En- 
gliſh meaſure, gives 39.137 inches. 


EXAMPLE. 


2 36. The length of a pendulum vibrating ſeconds at 


the equator being given, to find that of a like pendulum 
at Dublin in the latitude of 53": 11. 


Here we have V 1 — arr =.99703, by At. 230; 


hence .99703 : I : : 439.4127 : 440.7216 lines for 
the length required; which, being reduced into En- 
gliſh meaſure, gives 39.1294 inches. 


EXAMPLE. - 


237. The length of a pendulum vibrating ſeconds at 


the equator being given, to find that of a like pendulum 
at the pole. 


1 Here 
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. Here we have V 1—mr=b=34+, and therefore 
4239 x 439.4127 = 441.4564 lines for the length re- 
quired ; which exceeds that at the equator by 
2.0437 lines. VO” | 
PROBLEM. | 
338. To find the length of the radius of the equator, 
and that of half the axis. 
I) be radius of curvature at the equator B, added 
to the value of CK, when the point M falls on the 
point B, gives the radius CB of the equator. Now 
ſince the meridian degree at the equator is 56753 
toiſes, this, multiplied by 180, gives 10215540 
toiſes for half the circumference ; which, being to 
the radius as 355 to 113, gives 3251707 toiſes for 
this radius. x 

But when the point. M falls on the point B, the 
radius of curvatureMK is to the value of CK as #6 ton, 
by Art. 219; and ſince d is, and n=5+3'-, 
by Art. 226, we have 46225: 431 :: 9251707 : 
30319 for the value required ; which, being added 
to the radius of curvature at the equator, pives 
3282026 toiſes for the radius CB of the equator, 
and the ſemi-circumfe:ence 10310789 toiſes, and one 
degree 37282 toiſes; which therefore exceeds the 
meridian degree 567523 by 529 toiſes. 

As CB is to CA in the ratio of 216 to 215, we get 
3266830 toiles for half the axis CA. An Engliſh 
mile is 1760 yards or 829 French toiſes, the radius of 
the equator will be 3939.01 Engliſh miles, half the 
axis 3940.68 miles, and their difference 18.33 
miles. 

Sir Iſaac found this difference 17. 1 miles, page 
2433 but obſerves, in page 250, that the earth is a 
lictle higher at the equator than what he had com- 
puted it. This ſhews that our difference agrees with 
Sir Iſaac's; whereas Maclaurin, Simpſon, and Clai- 
taut, make it leſs, and Bouguer much greater. 


PROBLEM, 
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PR OB L E M. 
239. To. ind the force of gravity at the equator. 


We have found that a body falls through a ſpace 
of 15.097 in a ſecond at Paris, by Art. 107, and that 
the force of gravity at Paris is to the force of gra- 
vity at the equator as unity to V 1 — arr = .99738, 
Art. 227; hence 1 : .99738 : : 15.097 : 15.057446 
feet, for the height fallen through at the equator in 
the ſame time: but if we ſuppoſe the ratio of the 
axis to be as 230 to 231, then will this height be 
19.039967 feet. | | 
 PROBLE M. 
240. To find the centrifugal force at the equator. 


Let r denote the circumference of a circle whoſe 
diameter is unity, @ the radius of the equator, and 
the time of one revolution; then will 29r expreſs 
the circumference of the equator ; which, divided by 


\ 


i Aar 1 
the time , gives 2 for the arc deſcribed in a ſe- 


cond, when # is expreſſed in ſeconds. Now r == 3 
.14159 3 and as 7 = 86164 ſeconds, and @ —= 


3282025 toiſes; we get = = 239.3293 toiſes for 


the arc deſcribed in a ſecond, and the ſquare 37278 
313849 of that arc, divided by the diameter 
6564050, and multiplied by 6 feet, gives. 032336 
feet for the verſed ſine of that arc, or the ſpace de- 
ſcribed by the centrifugal force in a ſecond. And 
ſince the force of gravity deſcribes a ſpace of 
15.059967 feet, by the laſt Art. at the ſame time, the 
centrifugal force is to the force of gravity as,052 350 

to 15.059967, or as unity to 287.597. 
I ff we ſuppoſe the ratio of 230 to 231 of the axis, 
then the radius of the equator will be 3280044 
toiſes ; and by the ſame procels as before, the gravity 
at 


— 
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at the equator will be to the centrifugal force at that 
place as 287.8 1 to unity. 

And if we admit Bouguer's ratio of 178 to 179, 
the gravity at the equator will be 15.049 14 feet, the 
radius of the equator 3288345 toiſes, and the gravity 
at the equator to the centrifugal force as 286.885 to 
unity. 


Obſervations on the authors who have wrote on the 
figure of the earth. 


Maclaurin, Thomas Simpſon, and Clairaut have 
found the ratio of the axis to the diameter of the 
equator to be as 230 to 231, which is leſs than that 
of Sir Iſaac Newton, without conſidering whether 
theirs agreed better with the ſeveral meaſures of a 
meridian degree, or the moſt accurate obſervations on 
the length of pendulums, which yet is neceſſary to 
aſcertain the truth of all ſuch kind of ſpecularions ; 
It is true, they have made uſe of the moſt ſublime 
part of the mathematics in order to ſhew their great 
{ſkill and knowlege in computations, without con- 
fidering that knowledge deduced from the moſt 
{imple principles is leaſt liable ro miſtakes, and more 
ſatis factory; though they beſtowed ſo much pans in 
their theory and algebraic calculations, they are in my 
opinion not ſufficiently exact in their numeral approxi- 
mations :- for Simpſon, in page 472, finds the ratio 
of the axis to the diameter to be as 1151 to 1156, 
which he ſays is as 230 to 231; whereas, by the 
common rule of approximation, it is leſs than that of 
231 to 232, and greater than that of 232 to 233, 
but nearelt to this laſt, 

Clairaut, page 192, finds this ratio to be as 2304 
to 2314, which he makes as 230 to 231 z whereas 


it is greater than this, and leſs than that of 231 to 


2323 but neareſt of all as 4561 to 463 : this author, 
finding the above ratio not to be exactly that of 230 
| [0 
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to 231, by ſuppoſing the ratio of the centrifugal 
force, and that of gravity at the equator, and to 
find this laſt he aſſumes the ratio of the axis, 
whereby he finds it to be as unity to 287.5 
granting that the ratio of the axis is right, and his 
calculation juſt, then this laſt ratio is true; but it 
does not prove that the ratio of the axis is true by 
any means : had he found the ratio of the centri- 
fugal force to that of gravity, without ſuppoſing that 
of the axis, the laſt mult have been true alſo : a plea- 
ſant way of arguing backwards and forwards from 
one unknown thing to another, and at laſt draw a 
concluſion to have arrived at truth. This author has 
no better ſucceeded in page 188, where he ſays that 
the ratio of the axis of 230 to 231 is true, upon 
ſuppoſing the earth to be uniformly denſe, and in 
no other caſe ; and if it is not fo, that ratio muſt be 
leſs and could not be greater: whereas we have found 
it to be greater, that is, as 215 to 216, and ſhewn it 
to agree better with the meaſures and obſervations 
than any of thoſe hitherto given by others. | 
Maupertuis, in page 162, Engliſh edit. makes a 
remark upon -the degree meaſured by Picard in 
France, and reduces it from 37060 toiſes to 56925.7, 
the difference is no leſs than 134.3 toiſes ; which is 
{till leſs by 366 toiſes than that of Picard's 59292 
toiſes, publiſhed in 1701, and leſs by 2:5 toiſes than 
that 57183, corrected, This diſagreement of the 
meaſures made in France by the moſt conſiderable 
mathematicians, creates ſuch a confuſion as renders it 
impoſſible to judge the right from the wrong ; had 
they not been more ſucceſsful in the north and near 
the equator, the true figure of the earth would have 
been leſs known than ever: what is ſurpriſing, Sir 
Iſaac came nearer to the truth than all together, 
without having any good meaſure to depend pon, 
- 


4. 
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We now come to Bouguer's work, the laſt pub- 
liſhed, which one ſhould think would decide the 
queſtion beyond all exception; but he makes the 
equator higher than it is, whereas the others make 
it too low. In page 296, he ſays, that by taking the 
meaſures at the equator and near the pole for granted, 
he found the ratio of the axis to be as 215 to 214; 
but was obliged to change his opinion, when he 
heard that the meridian degree near Paris had been 
corrected by the gentlemen who had been employed 
near the pole, and made it 57183 toiſes, whereby 
he found the ratio of 223 to 222, in which he was 

confirmed by the meaſure of a degree of longitude 
in the latitude of 43* 32'; which was found to be 
51618 toiles by meaſure, and 41607 by compu- 
ration, 5 

In page 299, he changes again when he heard that 
Picard's meaſure, inſtead of being 37183 toiſes, had 
been corrected again to 57074; from whence, in 
page 304, he concludes that the true ratio of the 
axis was that of 178 to 179. Now as his firſt 
ratio, deduced from the ſame datas as we did, came 
out nearly the ſame as ours, becauſe we found that 
the true one was between that of 214 to 215, and of 
215 to 216; but nearer the laſt: had he remained 
ſatisfied, he would have been right; but the various 
meaſures of a meridian degree in France, on which 
he depended too much, was what miſled him. | 

To ſhew that his ratio is not true; the difference 
between the ſquares of 179 and 178 gives 12 : 
by Art. 224, the ſquare of the fine of 66* 20', is rr — 


8388 3, by the ſame Art. and hence V1 — rr = 
99332, Whole cube is .98602 ; whence .98602 : 
I : : 56753 :57557.6 toiſes for the meredian degree 
near the pole; which exceeds the meaſure 57438 by 
119.6 tojſes, and if his own correction of that de- 


gree be allowed the difference will be 1361 toiſes. 
5 | Again, 
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Again, in the latitude of Paris, we have rr==. 56699, 
by Art. 229, and hence V 1 — nrr = ,99683, whoſe 
cube is 99032; therefore 99052 : I : : 56733: 
57296 toiſes for the degree at Paris, which exceeds 
the meafure corrected 57074 by 222 toiſes. 
This evidently proves his ratio of the axis is the 
fartheſt of all from the true one: it does not appear 
from his work, that he ſo much as thought of com- 
paring his ratio with any of the meaſures, no more 
than the obſervations with pendulums; for the length 
of a pendulum vibrating ſeconds at the equator 1s, 
according to his ratio, 439.17 lines; which not only 
difagrees with all others, but his own obſervations. 
With regard to, the, experiments, he ſays, the 
weight of his pendulum was one ounce five drams 
and two ſcruples, ſuſpended by a fibre of an aloe 
leaf, and faſtened above by a pincher ſcrewed into a 
wall ; the form of the weight was two equal fruſtums 
of a cone joined by their greateſt baſes, whoſe center 
of oſcillation, he ſays, was rather above the middle, 
becauſe of the rod's weight, 10 toiſes of which 
weighed 4 grains; ſo that 3 feet weighed + of a 
rain, | 721 6 e 
_ Now, whether fo ſmall a weight cauſes the center 
of oſcillation of the. bob to riſe from below the center 
above it, 1s not very probable ; the rod of the pen- 
dulum being fixed above cannot move ſo freely as 
about the center, let it be ever ſo ſupple ; beſides a 
{mall weight is more reſiſted in proportion in its mo- 
tion than a heavy one. As his length is leſs by .2 of 
a line, or - part of an inch, than it ſhould be, 
which can be owing to nothing elſe than ſo imperfect 
an experiment; beſides he judged by the eye of the 
length, and a ruler placed by the rod. But rather 
than allow of the imperfection of his experiment, he 
ſuppoſes that the univerſal law of gravity does not 
hold good under the equator. . 


ADVERTISEMENT. 
Ap ſpurious Liſts muſt be very deficient and erroneous; 


the Piracy of the Army Lift, with the application for au- 
raority, in oppoſition to the only authentic authority, is ablo- 
lately the moſt audatious, invidious invaſion on property that 
ever was attempted ; and I hope the univerſe will never produce 
eighteen more bookſellers who would be concerned in ſuch a 
icandalous inſult upon trade. 
With the ſame conſcience they would, af poſſible, ſtrip man. 
kind, even one another. 
This 3s hour Liberty and Ate — Bookſellers, . 
fomenters of defamation, ſedition, treaſon, an pv mers, and 
the very grave of Hour. O [ak of Eden 


\* >; 


4 | e . f * 03 9011 
1. The Filebeian Political Regiſter, ſhewin what Artifice 

and a pretended Shew of | Oppolition, with the Aſſiſtance of Grub- 

ſtreet Garreteers, and his own equal Genjus, he amuſes the Un- 
wary with Scandal and Treaſon, void of Senſe or Reaſon, as all 

his N hitherto have been. 77 

The Laſt Dying Speech and & 4 IEG Birth, Parentage, 
and Fj oe of the moſt notorious F:/ch, and his Chum Shylock, 

with their Gang of ' piratical - Bookſellers, Stationers,.. 2 . 

corated with the Effigies of that motely Crew. | | 
.' Tybern will neyer have its due, r Ke Wo N 

hill it groans for them and ſome of y 4. 

Only think of an abandon'd Wreich behind Me thc 

criminately robbing and retailing, with Impunity, Deſamation 

againſt the Innocent, and Treaſon againſt the Belt of Kings. 

Who bas moſt to anſwer, the needy or the greedy Thieves? 

Advertiſements have been ſtopt by means of thoſe pi- 
R840 Bookſellers, 4 dias x the leaſt Offence has never been 
KR by me. 91 

* Gt Juſt publifbed, for J. Mir rau. 

I, A Lift of his Majelty's Land Forces and Marines, at Home and 
Abroad, &c. for 1768. By Permiſſion, 55. 

2. Generel Wolfe's Inſtructions to Young Officers; alſo his 
Orders for a Battalion and an Army, &c. 28. 

3. Muller's Works, of Fortification, Engineering, Mining, Ar- 

tillery, Mathematics, &c. &. containing upwards of 200 cuts, 
8 vol. 21 108. or any volume ſeparate. 

4. Mancœuvres for a Battalion of Tafantcy * fixed Principles, 
with! 57 plates, 108 d. 

5, New Exerciſe, by his Majeſty's Quder, Is. 

Q, Recruiting Book proper for all Officers on that Service, 2s 6d. 
7. Regimental Book, with proper Heads, beagrifully e 
of 45. 

8. General Returns for reviewing Horſe, Dragoons, and Foot. 


E 
ARTILLERY DICTIONARY. 


FF UT, the French name of a gun carriage, for 


which we have no proper name; the only diſtinction 
from all other carriages, is that it belongs to a gun. 
AMMUNITION, comprehends powder, ſhot, ſhells, car- 
caſſes, and every neceſſary in the field for the, uſe of 
fire- arms. 


AuMUNITION Waccox, is a four-wheel carriage with 


ſhafts, and having the ſides railed in with raves and 


ſtaves, lined with wicker work, ſo as to carry bread 
and all forts of tools. See plate xx. 

As the fore horſes draw two a-breaſt, that in the 
ſhaft cannot go in the ſame tract, ir continually treads 
on one {ide or other the ridge left between the two; 
or if the road 1s quartered it ſhuns to tread in the rut, 
by which the wheels can never follow the ſame tract; 
for which reaſon it would be more convenient to have 
two pair of ſhafts, as waggons that carry great loads. 

AMMUNIT1ON\CART, is a two-wheel carriage with ſhafts, 
and the ſides as well as the fore and hind parts are in- 
cloſed: with boards inſtead of wicker work. 

AypRon, a ſmall thin piece of lead about fix inches ſquare; 
which is laid over the vent of a gun or mortar when 
loaded, till they are fired, to prevent the priming 
from dampneſs. 

ARSENAL, a large building that contains ſtore rooms for 

every thing uſed in artillery. 

Arms, the two round ends of an axle-tree. See axle- tree. 

ARTILLERY, Comprehends cannon, mortars, howitzes, 
petards, ſhot, ſhells, carcaſſes, and all their appurte- 
nances uſed at home and in the field. 

ARTILLERY, REGIMENT, is compoſed of three battalions 
(and a company of cadets, of which the maſter-general 
is always captain) each of them commanded by a colo- 
nel, lieutenant-colonel, and a major; the malter-ge- 

neral of the ordnance is commander in chief; the lieu- 
tenant-general, commander en ſecond; and the three 

8 A colonels 
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colonels are called colonel-commandant each of his 
battalion; each company contains matroſſes, gunners, 
and bombatdiers. 

ARTILLERY, EQUIPAGE, Is a quantity of guns, mortars, 
ſhot, and ſhells, with all the neceſſary ſtores made out 
for a campaign, or an expedition by fea or land. 

ASTRAGAL, a moulding, in architecture, like a round 
ring with a fillet on each ſide, uſed in guns and mor- 
tars. See guns. 

Axxs are of two ſorts, one for felling mock and a pick. 
axe for picking ſtones or digging trenches when the 
ground is too hard for the ſpade. 

Axis, in mechanics, is that line or beam about which 
any thing turns. 


 AxLE-TREE of a carriage about which the wheels turn, 


the middle-part between the wheels 1s called the body; 
the two ends, which are round and enter into the 
naves, the arms. 

They are made of dry young elm, beach, or oak. 

AXLE-TREE BAR, in travelling carriages, is a flat iron 
bar that reaches from one end to the other, and let 
into the wood underneath quite fluſh. 

AXLE-TREE BOLTS is an iron bolt paſſing through the 
middle of the axle-tree to bolt the axle-tree bar. 

AxLe-TREE BaNnDs, uſed in field carriages, they go 
round the ends of the body, and are bolted to the un- 
derſide of the ide · pieces of the carriage. 

AxXLE-TREE Hoops, iron rings that go round the ends 
of the arms to faſten the iron bar, when there are any, 
and to ſecure the linch-pin holes. 

AXLE-TREE STAYS, are uſed in ſhip or garriſon carriages, 
made of iron in the form of an & to faſten the fore axle- 
tree firm to the underſide of the ſide- pieces, to prevent 
their giving way in the ſudden jerk occaſioned by the 
recoil when the gun is fired. 

Baccact Waecons are common waggons railed in 

with raves and ſtaves, and have bales to cover the top, 

4 with ſtrong vet to keep the baggage from wet. 

3 B ACsS, 


Bas, Saxp, they are 16 inches diameter and 30 high, 
filled with earth or ſand to repair breaches and the 
embraſures of batteries, when damaged by the enemies 
fire, or by the blaſt of the guns. 


Bacs are alſo uſed on many occaſions to hold ſmall ſhot, 
flints, &c. | 

Barts, Cannon, formerly made of ſtone but now of 
iron, they are fired out of cannons againſt an enemy, 
or againſt their works made for cover. 

BLIS, FIRE, made of an iron ſhell, or paper, filled with 
a ſlow compoſition, to throw into the enemies works at 
night to fee what they are doing, and to enable the 
gunners to point their guns on them. 

BANNERS, or the ordnance flag fixed upon the fore part 
of the drum-major's kettle-drum carriage. 

BaRRACKS, a building to lodge ſoldiers in. 

BARRELS, PowWDER, are about 16 inches diameter, and 
30 or 32 long, and hold zoo pounds. 

BarREL, BuDGe, holds from 40 to 60 pounds; at one 
end 1s fixed a leather bag with braſs nails: they are 
uſed upon batteries to keep the powder from firing by 
accident, for loading the guns and mortars. 

Barrows, to carry loads from one place to another. 

Barrows, Han, ſerve for carrying loads by two men. 

BaTTERY, to place guns or mortars on in a ſiege; it con- 
ſiſts of a breaſt- work or parapet of 20 or 22 feet thick, 

and 7 or 8 feet high, with embraſures to fire the guns 
through, behind which is a platform of wood 18 feet 
long, 8 feet broad before, and about 16 behind, ſloping 
about ſix inches forwards in order to prevent the guns 
from recoiling too much, and bringing the guns eaſier 
forward when loaded. 
They commonly allow 18 feet for the diſtance from 
gun to gun, and when the battery is ſeen on the ſides 

by the enemies works they add flanks of 10 or 12 
feet thick, from 15 to 18 long, and as high as the 
parapet, They are called by different names from the 

ſeveral manners of firing. | 

A 2 BATTERY, 
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BATTERY, BARBET, when the breaſt-work is only three 
feet high, ſo that the guns may be traverſed any way, 
as are commonly thoſe near the ſea or large rivers, to 
fire at the ſhips as they are coming, paſs by, or paſſed; 

. theſe batteries are alſo uſed upon the faces of the baſ- 
tions in a ſiege while the beſiegers are as yet at a diſ- 
tance, and becauſe embraſures would help to make the 
breach in the faces ſooner than without them. 

BarTzRyY, RicocutT, which are placed about 100 
yards before the firſt parallel, perpendicular to the 
faces of the works, to enfilade them by giving the guns 
a ſmall elevation to go over the oppoſite parapet, and 
loaded with a ſmall quantity of powder. 

This method of firing was invented by M. Vauban, 
and firſt put in practice at the ſiege of Aeth in 1697. 

BATTERY MorTaAR, they have a breaſt-work as before, 
without embraſures; the inſide ſlope of it ought to be 
ſuch that two pickets might be placed, one above and 
one in the middle, to mark the direction of the ob- 
22 The inſide of theſe batteries are ſunk two or 
three feet into the ground, by which they are much 
ſooner made than thoſe of cannon, 

BATTERING PIECES ſerve to make breaches ; it is judged 
by moſt nations that no leſs than a 24 pounder is 
proper for that uſe; formerly much larger calibers 
were uſed, but as they were ſo long and heavy, be- 
came very troubleſome to carry and manage, they 
have been rejected ; but if larger calibers can be made 
ſo as to be worked and managed with eaſe, there is 

no doubt but that they will make a breach ſooner than 
a 24 pounder; this we have proved to be very poſlible, 
and what is more of iron inſtead of braſs, as they 

have hitherto been made. 

BayONET, a broad dagger without any guard, generally 

made with a round hollow handle, to fix to the muzzle 
of a muſket, in which manner it ſerves inſtead of a 
pike to receive the charge of horſe or foot. f 

£DS, 
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Bros, MorTaR, they are made of ſolid timber, con- 
ſiſting generally of four pieces faſtened together with 

ſtrong iron bolts and bars; thoſe of the royal and coe- 
horns are made of one ſolid block only. 

BE DS, Sta Mok rA, theſe are likewiſe made of ſolid 
wood like the former, but differ in their form, having 
in the middle a hole to receive the pintle or ſtrong iron 
bolt about which they turn. 

Bzp, STOOL, is a piece of wood to lay the breech of a 

n upon in a truck-carriage, with another piece fixed 
to it at the hind end, that reſts upon the body of the 
hind axle-tree, and the fore part is ſupported by an 
iron bolt, 

BOLSTER, is that piece of wood faſtened upon the axle- 
tree of any wheel carriage. | 

BoLT, made of iron, to bolt wood or iron together ; they 
receive additional names from the different parts of a 
carriage where they are uſed. 

BorT, AxLE-TREE, thoſe which pin the hind axle-tree 
of a truck-carriage to the ſide- pieces. 

BoLT, Eve, the fore bolt of a gun-carriage, or of a mor- 
tar-bed, to lock the cap- ſquare by means of a key. 
Bol r, JoinT, is that to which the cap- ſquare is fixed by 

means of a hinge. 

BoLlr, TRANSu, is that which goes through the tran- 
ſom of a gun- carriage to faſten the ſide pieces firmly 
to the tranſoms. 

Bol r, Bp, that which paſſes through the ſide of a 
truck- carriage, and ſupports the fore- end of the ſtool 
bed. | 

BoLT, BREECHINO, with rings, uſed in ſhip-carriages 
to faſten the tackles which ſerve to ſtop the recoil of 
the gun, and to advance it when loaded, 

Bolt, Bols TER, that which faſtens the bolſter of a lime 
ber, or of any waggon to the bed under it, or to the 
axle-tree, | | 

BolT, BRAckerT, thoſe which faſten the upper and un- 
der parts together of the cheeks of a truck-carriage. 

3 BoLrT, 
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Boller, Srool BED, there are two in each to faſten the 
ſtool to the bed, riveted underneath, 

BouT, GARNISR, thoſe which are uſed in field-carriages, 
whoſe heads terminate in a point, and have a neck un- 
der it, and faſten the fore part of the axle-tree band 
by means of a key, 

BoMBARDIER, the third rank of private men in a com- 
pany of artillery. 

Boms-KeTCH, a veſſel that carries ſea mortars, each two, 
a 10 and a 13 inch one. 

BouB-TENDER, that veſſel which carries the neceſſary 
ſtores for the uſe of the mortars, 

To bombard a place, is to fling a great number of 
ſhells in it, either to deſtroy the buildings or to oblige 
it to ſurrender, 

Bore of a gun or mortar, is the hollow part which re- 
ceives the powder and ſhot in the guns, or the ſhell 
in the mortar. 

Box, they are of ſeveral ſorts, and for different uſes. 

Boxes, Nave, made of iron, and faſtened one at each 
end of the nave, to prevent the arms of the axle-tree 
about which the boxes move, from cauſing too much 
friction. 

Boxes, Woop, with lids, which ſerve to hold grape 
ſhot ; each caliber has its own, diſtinguiſhed by marks 
of the caliber on the lid. 

Boxes, Tin, to fill with ſmall ſhot for grape, the fize 
of the gun. 

Boxts, Woop, made to ſlip on and off over the axle-tree 
of light field carriages, to hold 12 cartridges for firing 
upon a march in caſe of an attack. 

BrEAST, the fore ends of the ſide- pieces of a travelling- 
carriage; thus, breaſt tranſom, breaſt tranſom plates 
with hooks, 33 

BREECH of a gun, is that ſolid piece of metal behind, be- 
tween the end of the bore and the ſection, through the 


end of the baſe ring, or which terminates the hind 
end of the gun. 


\ 
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E 
Buxs, a round iron ring which ſerves to rivet the end 
of the bolt ſo as to form a round head like that of 
the bolt. | 
BuTToON of the caſcable, in a gun or howitz, is the hind 
part of the piece made round in the form of a ball. 


BuLLET, of lead for muſkets, carabines, piſtols, and 


grape ſhot, 

CALIBER of a gun or mortar, is the fame as their bore 
or opening; and the diameter of the bore is called 
the diameter of its caliber. 

Came, is the ſpot of ground where a ſtrong party of 


troops, or the army, ſettle and pitch their tents. The 


artillery camp is always upon the higheſt ſpot before 
or behind that of the army, to have room tor placing 
their artillery and ſtores. 

Cannon, See guns, 

CANTEENS, a tin veſſel uſed by the ſoldiers to carry their 
drink in. 

Cars, made of leather for covering the mouth of a mor- 
tar when loaded till it 1s fired, to prevent damps 
getting into It. 

CaRRIAOE, a general name for all machines that have 
wheels. | | 

CARRZAGE, Guns, the wooden frame upon which guns 
are fixed ; there are three ſorts commonly uſed, viz. 

CARRIAGE, FIELD, or travelling, an aſſemblage of two 
long planks called ſide- pieces, joined together by three 
or four pieces called tranſoms, one end is ſupported 
by two wheels and the other touches the ground. 

CARRIAGE, SEA, made of two ſide- pieces, one tranfom 
and bolts, and has four ſmall wheels, each made of 
one piece of wood called trucks. 

CarRRiact, GARRISON, made the ſame as the former, 
with this difference, that their wheels or trucks are 
made of caſt iron. | 

There has been ſome of theſe carriages made en- 
tirely of caſt iron, and are eſteemed very noch, Hip: 
cially 
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W 
cially in hot climates, where the wood is ſaid to rot 
very ſoon. | | | 
CarTRIDGE, a bag to hold as much powder as is ſuf- 
ficient for loading a gun, they are made of a ſtrong 
paper called by that name, or of parchment; but as the 
end generally remains in the bottom of the gun, the 
paper ones retain fire, and may fire the next, which 
makes it dangerous ; and that made of parchment 
ſticks cloſe to the bottom and accumulates, if not re- 
moved, till it ſtops the vent, which it fills and ſticks 
ſo faſt in it as not to be removed without an iron 
drill; to prevent thoſe inconveniencies, to the parch- 
ment caſe is fixed a flannel bottom, by which all acci- 
dents are avoided; but as the duſt of powder may 
pals through the flannel and thereby cauſe accidents, 
a parchment cap 1s put over it to take off before the 
cartridge 1s put into the gun. 
EARTRIDGE, for muſkets, carabines, and piſtols, are 
made of thin paper, ſo as to. hold half an ounce or 
leſs of powder and a bullet. 
CarTs, are two-wheel carriages to carry powder, tools, 
and all kind of ammunition. 
CaRT, SLING, ſerves to ſling a gun under it, and to 
carry it at a ſmall diſtance. 
CART, PowDpER, incloſed round with boards, with lids 
on the top like a roof, and covered over with an oil- 
cloth to prevent any dampneſs coming to the powder. 
Carr, Force, ſerves to carry an anvil, tongs, hammers, 
and a poker upon a march, for mending any iron 
work that may break upon a march, or repair them 
in the field. 2 5 
CAR T or TuMBREL., ſerves to carry all ſorts of tools and 
other ſmall neceſſaries to the artillery. 
CENTER, the middle part of the ſide- pieces in a travel- 
ing carriage at the bending part. 
CIxAISE, a moulding of architecture, applied in our 
conſtruction of guns, near the mouth of the gun. 
COLLAR, 


\ 
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WED 31 | 
Corran, the part of tackle of a horſe that goes about 
the neck, or a belt that goes over the ſhoulder of a 
man, and the arm on the other ſide; when they draw 
a gun for a little way. 
Coins, or Wepos, to lay under the breech of a gun 
to raiſe or depreſs it. 
CoLovuss, uſed in the camp, with ſtaves, to mark the 
front line of the parade, and in marking out the 
camp. | | 

Corovas, or Ensicns, of the various regiments to 
diſtinguiſh them, | WE 

The attillery colours are three guns upon their 

carriages, which are alſo called the ordnance arms. 

CRoSSS-BARS, in a limber or waggon, the two wooden 
bars mortiſed into the hind part of the ſhafts. 

Crows, are iron bats; a little bent on one end, and 
made uſe bf as hand-ſpikes, 


Crows FEET, an iron of four points of about fix 


inches long, which are uſed againſt the cavalry, for 
one point will always be uppermoſt, let it fall as it 
will. 1 
Dix ENSsIOxSs, the length, breadth, and thickneſs of 
bodies. n 
Doc-xarrs, have a round flat head, and is itſelf round 
in part near the head. 


Dol rpms, are the two handles placed on the ſecond 


reinforce ring of braſs guns, reſembling the fiſh of 
that name. FE 

DowLEtpGs, iron plates let into the fellows of a wheel 
on the inſide, and faſtened with four iron pins, ri- 
vetted on the other ſide. 

Dowr Bats, are two iron beams, placed in mortar 
beds in a vertical poſition to faſten the upper and un- 
der beds together. | NE 

Dowr, Pins, are made of wood, about three inches 
long, one in diameter, placed in the middle of the 


Joints of the fellows of a wheel to keep them toge- 
5 1 ther. 
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ther. Theſe pins are alſo uſed in ſhip carriages, two 

on each ſide, to keep the ſide- pieces together. 

. Hooks, fixed on the ſides of travellin 
carriages to the tranſom plates, three on each ſide: 
ſometimes a draught hook is alſo Joined, to the 
waſher, 

DRAUGHT Rincs, fixed to the ſide-ſtraps of 4 travel- 
ling carriage by means of ſtaples rivetted on the inſide, 

Divx, a wooden cylinder for driving of fuſces. 
Drum, a military inſtrument of muſic, to beat to 
arms, or to the ſeveral military motions. 

Drum, KETTLE, uſed by the cavalry as likewiſe in the 
artillery. 

KerTTLe Daum Carr, of artillery, is a four wheel 
carriage drawn by four horſes; on the fore-part 
ſtands the ordnance flag, and on the hind fits a 
drum- major with two | kettle drums as in a chair of 
ſtate. 

EMBRASURE, that opening left in the epaulement for 
the guns to fire through. 

ENxCINE, to drive fuzes, conſiſts of a wheel with a 
handle to it, to raiſe a certain weight, and to let it 
fall upon the driver, by which the ſtrokes become 
more equal. 

ENOINE, to draw fuzes out of ſhells, has a ſcrew 
fixed upon a three legged ſtand ; the bottom of this 
ſtand has a ring to place it on the ſhell, and at the 
end of the ſcrew is fixed a hand ſcrew by means of 
a collar, which being ſcrewed on the fuze by turning 
the upper ſcrew draws or raiſes the fuze. 

Excine, for driving piles by means of horſes, an in- 
genious invention of an acquaintance of mine for 
driving the piles at Weſtminſter bridge. 

ExGiNne, for railing of water, either by fire, as at 
York Buildings or near Chelſea, others by means 
of w water wheels, 
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Ess Es, Fixer, to draught chains made in the form 
of an 8, one end is taſtened to the chain, and the 
other to hook to the horſes harneſs or to a ſtaple. 

Eve BorTs, ſee Bolt. 

FaTHOM, a meaſure called ſo, being equal to two 
1 ag or ſix feet, | equivalent to the French word 
roiſe, | 

FeLLows, the parts of a wheel which forms its cir- 
cumference, made af dry elm; there are generally 

ſix in each wheel. 6 


FLacs, with ſtaves, the union and the red, moſtly uſed 
on board ſhips, 


FLAMBEAUX, uſed in the artillery, at night, upon a 
march, or in the park. 

FLinTs, for muſkets, carabine, and piſtols, 

Fox E-Lock Key, the flat iron, broader at one end 
than at the other, which paſſes through the eye- bolt 
to faſten the cap-ſquare, and to ſecure the trunnions 
of a gun or mortar, | 

FoRMERs, of different ſizes, a cylinder of wood, uſed 
in laboratory work, to drive the compoſitions of 
fuzes and rockets. | 

FounDERY, for caſting guns, mortars, ſhot, and ſhells, 

FuyNELs, of different ſizes, to pour the powder into 
ſhells, and the compoſition into. fuze or rocket caſes, 

GALLOPER, a carriage of a light field-piece with ſhafts, 
to be drawn without a limber, but very little uſed 
now. 

GARN ISH BoLT, or nails. See bolts and nails. 

GARRISON, the troops quartered in a fortified place to 
guard and defend it in caſe of an attack, are called 
collectively by that name. 

Gin, an engine to raiſe guns compoſed of three long 
legs; two of them are kept at a proper diſtance dy 
means of two iron bars fixed on one of the legs by a 


ſtaple paſſing through the hole at one end; the other 


end has a hook which enters into a ſtaple fixed into 
the other leg ſo as to put off or on at pleaſure ; at 
| 5 B 2 ; three 
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three feet from the bottom is a roller upon which the 

cable is wound, and the three legs are joined together 

with an iron bolt, about which they move; to this bolt 
is alſo fixed an iron half ring to hook on a windleſs; 

when the gin ſtands upright ſo as the legs ſtand at a 

proper diſtance, one end of the cable is faſtened to 

the gun, and the other paſſing through the pulleys 
and round the roller, the roller is turned round by 
means of hand-ſpikes paſſing through the holes in 
the ends of the roller; whilſt a man holds the cable 
tight, the gun is raiſed to the height that the car- 

riage may be put under it. I” 

GRAPE-sHor, is a certain number of ſmall iron ſhot in à 
bag of coarſe cloth, juſt to. hold a bottom of iron or 
wood with a pin in the middle; about this pin are put 
as many ſhot as the grape is to conſiſt of; then they are 
quilted with a ſtrong packthread in order to keep the 
ſhot tight; their ſize 1s according to the bore of the 
gun, and their weight nearly equal to that of the ſhot 
of that gun, * 3 

Small iron or lead, the ſize of muſket ſhot, are alſo 
put into tin boxes, to ſerve in the ſame manner as 
grape-ſhot. ry | 


'GRaPLING TrONS, is compoſed of four, five, and fix 


branches, bent round and pointed, with a ring at the 
root, to which is faſtened a rope to hold by, when the 
grapple is thrown at any thing, in order to bring it 
near fo as to lay hold of it. | 
GuIDEFORE, in a waggon, are two crooked pieces of 
wood fixed upon the axle-tree each with an iron bolt, 
joined before by a croſs bar, to which the ſhafts are 
faſtened with a bolt and key, and upon the hind part 
is faſtened the ſweep bar. | "oh 


Gu1DEHiND, is likewiſe compoſed of two crooked pieces 


of wood faſtened to the hind axle-tree as the former, and 
faſtened to the pole with a flat ring and an iron bolt. 


Gus, the length is diſtinguiſhed by three parts; the firſt 


reinforce, the ſecond reinforce, and the chace ; the firſt 
2 reinforce 


E 


NN is two-ſevenths, and the ſecond one-ſeventh and 
half a diameter of the ſhot. | 


The infide hollow wherein the powder and ſhot are 
lodged, the bore and the diameter of the bore is called 
the diameter of the caliber. 

The part between the hind end and the bore, the 
breech ; and the fore-part of the bore, the mouth. 

The caſcable is the part terminated by the hind part of 
the breech, and the extremity of the button. 

The trunnions, the cylindric parts of metal which pro- 
ject on both fides of che gun, which reſt in the grooves, 
made in the ſide-pieces of a carriage. | 

The mouldings are thoſe behind the breech, and are 
looked upon to belong to the caſcable, the firſt and ſe- 
cond reinforce rings, ogees, aftragals, and fillets, 

Thoſe of the firſt reinforce are a ring ogee joining 
to it, and an aſtragal with fillets; the part of the gun 
between the ogee and aſtragal is called the vent-field, 
becauſe the vent is placed there. 

The ogee of the ſecond, a ring and ogee ; and thoſe 
of the chace, a ring-ogee; the altragal with fillets, the 
muzzle aſtragal, / the ſwelling of the muzzle an ogee, 
or cimaiſe and two fillets, 

The part between the ogee and chace aſtraga], the 
chace girdle; and the part from the muzzle aſtragal and 
the mouth, the muzzle. 

Formerly guns were diſtinguiſhed by the names of 
ſakers, culverins, cannon, demi-cannon, &c. but at pre- 
ſent their names are taken from the weight of their ſhot ; 
as for example, a 12 or 24 pounder carries a ball of 12 


or 24 pounds weight. 

Guns are made of braſs or caſt iron; the braſs is a 
mixture of copper and tin: ſometimes yellow braſs is 
added, but is reckoned to make the metal brittle. The 
moſt common proportion is. to an hundred pounds of 
copper twelve pounds of tin. But as copper requires 
'a red heat to melt, and tin does melt in a common fire, 
when a gun is much heated by firing, the tin melts or 

55 ; | ſoftens 
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ſoſtens ſo much that the copper alone ſupports the foree 
of exploſion, whereby they generally bend at the muzzle, 
and the vent widens ſo much as to render the gun uſeleſs. 
If ſuch a compoſition of metal could be found as re- 

quired an equal degree of heat to melt, it would anſwer 
the intent: but as no ſuch thing, has been hitherto 
found, I look upon good iron to make better and more 
durable guns than any other compoſition whatever, as 
experiments and practice have ſhewn. For all our braſs 
battering guns made ule of this laſt war were ſoon ren- 
dered unſerviceable, and iron ones ſubſtituted. 

The neceſſary tools for loading and firing guns, are 
rammers, ſponges, ladles, worms, hand- ſpikes, wedges, 
or ſcrews. 

The rammer is a cylinder of wood, whoſe diameter 
and axis is equal to that of the ſhot, and {ſerves to ram 
home the wadds put upon the powder and ſhot; the 
ſponge is the ſame, only covered with lamb-ſkin, and 
ſerves to clean the gun when fired: the rammer and 
iponge are fixed to the fame handle. 

The ladle ſerves to load the gun with looſe powder. 

The worm ſerves 0 draw out the wads when a gun 
is to be unloaded, 

The hand- ſpikes ſerve to move and to lay the gun. 

The coins or wedges, to lay under the breech of 
the gun, and to raiſe or deprels it. ; 

In field. pieces, a ſcrew is uſed inſtead of coins, bo 
which the gun 1s kept to the ſame elevation, 

The tools neceſſary to prove guns, beſides thoſe men- 
tioned for loading them, a priming iron, a ſearcher with 
a reliever, and a Tearcher with one point. 

The firſt ſearcher is an iron, hollow at one end to 
receive a wooden handle, and on the other has from four 
to eight flat ſprings of about ſix inches long, pointed 
and turned outwards at the ends: the reliever is an iron 
flat ring, with a wooden handle, at right angles to it: 
when a gun is to be ſearched after it has been Ered, this 
iearcher is introduced and turned every way from one 


end 
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end to the other; and if there is any hole, the point of 
one or the other ſpring gets into it, and remains till 
the reliever, paſſing round the handle of the ſearcher; 
preſſes the ſprings together and relieves it; and if any 
of the points catches in the vent, the priming iron is 
introduced to relieve it. N 
When there is any hole or roughneſs in the gun, 
the diſtance from the mouth is mark'd on the out- 
fide with chalk. | 
The other ſearcher has alſo a wooden handle and 
a point at the fore end of about an inch long, at 
right angles to the length about this point is put 
ſome wax mixed with tallow, and when introduced 
into the hole or cavity, is preſſed in and drawn tor- 
wards and backwards, then the impreſſion upon the 
wax gives the depth, and the length is known by the 
motion of the ſearcher: if the hole is a quarter of an 
inch deep, and downwards, the gun is rejected. 

GUNNER, is the ſecond rank of private men in the regi- 
ment of artillery. 

Hair-cLoTH, uſed on the floor of powder magazines, to 
prevent accidents of fire from mens ſhoes treading or 
rubbing upon or againſt ſand or gravel, &c. may 
ſtrike fire. # 

HanD-GRENADES, a ſmall iron ſhell from 2.5 to three 
inches diameter, filled with powder, which being 
lighted by means of a fuze, are thrown by the grena- 
diers amongſt the enemy when they come near. 

Harp Screws, are compoſed of a toothed iron bar, 
that has a claw at the lower end and a fork at the 
upper; this bar is fixed in a ſtock of wood about 2.5 
feet high, and moved by a rack-work ; this claw or 
fork being placed under a weight raiſes it as far as the 
bar can go. 

Hanp-sPIKEe, a wooden leaver five or fix feet long, 
flattened at the lower end, and tapering towards the 
other, uſeful in moving guns to their place, after be- 
ing fired and loaded again. 8 

| Hand- 
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Hand-MALLETS, a wooden hammer with a handle, td 
drive fuzes and picketts, in making faſcine batteries. 

HAum˖zR, Iron, made of various ſizes and forms, the 
common have a head on one end and a claw on the 

other, to drive nails in or to draw them out. 

Hasy, a flat ſtaple to catch the bolt of a lock. 

HarTcner,for cutting wood to make faſcines and pickets. 

He av, the fore part of the ſide pieces of a gun carriage. 

Herve, or Har, the wooden hands of hatchets, ham- 
mers, or pick-axes, &c. Sad 

Hinces, are two iron bands, with a joint, nailed to the 
doors or lockers to faſten them, and move them back 
and forwards. | 

Hooks, thoſe which are fixed to the tranſom plates of 
a field - carriage; they ſerve to fix chains for drawing 
it occaſionally back and forwards. 

Hooes, Iron, of ſeveral forts, ſuch as tiaye and axle- 
tree hoops. | 

Hoxrn-Bzam, a wood much uſed for making the fuzes 

of ſhells. 

Horns, Powpzr ; the gunners ſling them over the 
ſhoulders with a belt, to prime the guns or mortars. 
Howirz, a ſort of mortar, mounted upon a field-car- 

riage like a gun; the difference between a mortar and 
a howitz is, that the trunnions of the firſt are at the 
end, and in the middle in the laft. | 
HuRTERs, a flatted iron fixed againſt the body of an 
axletree with ſtraps, to take off the friction of the 
naves of wheels againſt the body. 3 7 
HuxTer, of wood, is a piece of five by ſix inches 
ſquare, and eight feet long, laid upon a platform againſt 
the breaſt work, to ſtop the wheels from damaging 
the faſcines. | 
JoinT-BeLTS, by which one end of a cap ſquare is 
fixed to the carriage ſea bolts. 6 e 
Iron-cuns, firſt made of hammered, but now of caſt- 
ITONs 
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Ion, PRIMIN o, Which the gunners carry with their horns 
to clear the vent, or to releaſe the ſearcher in the 
proving of guns. 
Iron, for marking with a broad R the horſes that are 
taken for the government's ſervice to draw the artil- 
lery ammuntion and ſtores. it 
KETTLE or CoPPER, to boil compoſitions for fire-works. 
Keys, FokE-Lock, ſerve to paſs through the lower 
end of bolts, to faſten them. 
Keys, with chains and ſtaples, fixed on the ſide-pieces 
of a carriage or mortar beds, they ſerve to taſten 
57 capſquares, by paſſing through the eyes of the eye- 
olts. | 
Keys, SPRING, they ſerve the ſame purpoſes as the 
former, but inſtead of being one ſingle piece they are 
of two, like two ſprings laid one over another ; when 
they are put into the eye-bolts they are pinched to- 
gether at the ends, and when they are in, open again, 
and cannot ſhake out by the motion of the carriages , 
they are uſed in travelling carriages, 
LABORATORY is the place where the different materials 
for fire-works are lodged and prepared, In the field 
a tent is uſed for that purpoſe pitched on a place 
where the enemies ſhot or ſhells cannot approach. 
LapLEs, made of copper to hold the powder for load- 
ing of guns, with long handles of wocd, when cart- 
ridges are not uled. | 
LAbLESs, SMALL, of copper; with ſhort handles, they 
» fill the fuſes of ſhells, or any other compoſition to fill 
the caſes of ſky-rockets, &c. „ 
LAxTHORNS, Muſcovy, dark and common, uſed in the 
field when dark to light the gunners in the camp to 
prepare the ſtores. 
LAsHIN G Rixcs, with hoops, fixed on the ſide-pieces 
of travelling-carriages to laſh the tarpauling that co- 


vers the gun, as alſo to tie the ſponge, rammer, and 
ladle, | 


b LIMBER, 
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Lix EER, à two - wheel carriage with ſhafts to faſten the 
trail of travelling carriages by means of the pintle or 
iron pin, when travelling, and taken off on the bat- 
tery, or in the park of artillery, which is called un- 

limbering the guns. 

Ljxcn-Pin, that which paſſes through the ends of the 
arms of an axle-tree, to keep the wheels or trucks 
from ſlipping out in travelling, 

Lixch CLovr, the flat iron under the ends of the arms 
of an axle-tree to ſtrengthen them, and to diminiſh 
the friction of the wheels. 

Ling of Dix ECTION, formerly marked upon guns, by 
a ſhort point upon the muzzle and cavity on the baſe 
ring, to direct the eye in pointing the gun, but are 
left off at preſent for no ſubſtantial reaſon. 

LinT STock, the ſtick uſed by the gunners to faſten the 
match whereby they fire the guns or mortars, 

Locks, of various ſorts, common for lockers in tra- 

velling carriages, or for boxes containing ſhot and 
powder or cartridges. 

Lockers Hixces, ſerve to faſten the cover of the lockers 
in travelling carriages. | 

Lockixnc-PLATES, thin flat pieces of iron nailed on the 

ſides of a field carriage where the wheels touch it in turn- 
ing, to prevent the wearing the wood in thoſe places. 

Loop, in a ſhip carriage, made of iron, faſtened one on 
the front of the fore axle-tree, and two on each fide, 
through which the ropes or tackle paſs, whereby the 
guns are moved backwards and forwards on board of 
ſhips. 3 

Manklix, tarred, ſkains, white; are long wreaths or 
lines of untwiſted hemp, dipped in pitch or tar, with 
which cables and other ropes at ſea are wrapped round 
to prevent their fretting or rubbing in the blocks or 
pullies through which they pals, 

They ſerve the ſame purpoſe in artillery upon ropes 
uſed for draught for rigging gins, uſually put up in 
{mall parcels called ſkains, | 

: March, 


* 
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March, uſed in artillery for firing guns and mortars ; 
it ſerves likewiſe to trace batteries inſtead of ropes. 
MaTRross, properly an apprentice to a gunner, and has 
the leaſt pay of any ſoldier in the artillery, 
Measures, Powbrtr, made of copper, holding from 
an ounce to eight or twelve pounds, and are vety 
convenient in a ſiege when guns or mortars are loaded 
with looſe powder, eſpecially in ricochet firing. 
Mevicine CHEST, ſerves the ſurgeons to carry their 
medicines and inſtruments when in the field. 
Mrrar, Gun, a compoſition of tin and copper; the 
moſt common proportion is, to a hundred pounds of 
copper twelve pounds of tin: the founders will ſome— 


times vary from this proportion according to the hard- 
nels of the copper. 


MoRTARs, made of braſs or iron, uſed in the land ſer- 
vice and at fea, for throwing ſhells or carcaſſes ; the 
land are ſhorter and lighter, and the chambers hold 
leſs powder. | 

They are diſtinguiſhed by the diameter of their 
bores; thus, a thirteen, ten, or eight inch mortar are 
thoſe whoſe diameter of their bores are thirteen, ten, 
or eight inches, the rcyal and coehorn excepted ; the 
royal carries a ſhell whoſe diameter is 5.5 inches, and 
that of the coehorn whoſe diameter is 4.6 inches. 
Mok r AR, SEA, are longer to prevent the ſetting the 
rigings of the ſhips on fire, and heavier to leſſen the 
ſhock upon the ſhip when the mortar is fired: none 
but thirteen and ten inch mortars are uſed at ſea; and 
as theſe mortars are ſometimes fired at a great diſtance, 
the chamber of the firſt holds 32 pounds of powder, 
and that of the ſecond 12.5 pounds. 
Mou ps, for caſting ſhot for guns, piſtols, muſkets, and 
carabines; the firſt are of iron uſed by the founders, and 
the others by the artillery in garriſon and the held. 
Movups, of wood or braſs, uſed in laboratory works 
for filling and driving all forts of rockets, and cart- 
ridges ; of many different ſizes, 
| C 2 Nails 
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Nails of various ſorts are uſed in artillery. 

1. GaRNIS E, in travelling carriages, have pointed heads 
finiſhed like diamonds, with a ſmall narrow neck; 
they ſerve to faſten the plates with roſes, to cover 
the fide- pieces from the ends of the trunnion-plates 
to five or ſix inches beyond the center of the car- 
riage, 

2. WOT ſmall nails whoſe heads are 
made like a flat diamond, and ſerve to fix the plates 
upon travelling carriages, beſides the garniſh nails, both 
upon the trail, and thoſe at the head are near the 
trunnion- plates. 

3. Roset-Bups are ſmall round-headed nails drove in 
the center of the roſes of the plates, 

4. CounTER-SUxK, thoſe that have flat round heads 
ſunk into the iron plates ſo as to be even with the 
outſide of ir, 

. STrREAK-Nairs, are thoſe which faſten the ſtreaks to 
the fellows of the wheels. 

6. Box-Pixs, ſmall nails without heads to Pin the nave- 
boxes to the naves. 


7. STUBS are driven on the outſide of the nave hoops to 
keep them in their places. 

8. FLaT-HEADED Nails to faſten the locker or any 
hinges, | | 

9. Dos Nails have flat round heads, and one part of 
the ſhank next to the head is allo round. 

Nave, that part of a wheel in which the arms of the 
axle-tree moves, and in which the ſpokes are drove 
and ſupported. 

Nave Hoops are flat iron rings to bind the nave ; there 
are generally three on each nave, 

Nave Boxes, there are two, one at each end, to dimi- 
niſh the friction of the axle-tree againſt the nave : 
they were formerly made of braſs, bur experience has 


ſhewn that the caſt iron cauſe leſs friction and are 
much cheaper, 
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Ocxx, an ornamental moulding in the ſhape of an 8, 
taken from architecture and uſed in guns, mortars, 
and howitzes. 

ORDNANCE, a name given to all that concerns artillery ; 
thus, the commander in chief is called Maſter Gene- 
ral of the 'Ordnance inſtead of artillery ; the Lieute- 
nant General of the Ordnance, 

ORDNANCE, Board of, conſiſts of four officers, the ſur- 
veyor general, clerk of the ordnance, ſtore-keeper, 
and the clerk of deliveries, over which preſides the 
maſter, or, in his abſence, the lieutenant-general ; 
this board deliberates, regulates, and orders every 
thing relating to the artillery. 

Guns, mortars, and howitzes are often called ord- 
nance, | 

Palls, made of wood bound with iron hoops and handles, 
hold generally four gallons, and ſerve in the field to 
fetch water for the ule of artillery works. 

PANNELS are the carriages which carry mortars and their 
beds upon a march, 

PETARD, an engine to burſt open the gates of ſmall 
fortreſſes, is made of gun metal, fixed upon a board 
two inches thick and about two feet ſquare, to which 
it is ſcrewed, and helds from nine to twenty pounds 
of powder, with a hole at the end oppoſite to the 
plank to fill it, into which the vent is ſcrewed ; the 
petard thus prepared is hung againſt the gate by means 
of a hook, or ſupported by three ſtaves faſtened to 

the plank, when fired burſts open the gate. 

PickEerTs, for ſeveral uſes; thoſe for pinning the faſcines 
of a battery, are from three to five feet long, the heads 
two or three inches diameter, 

Picks, uſed in the park of artillery, are about ſix or 
eight inches long, ſhod with iron, to pin the park line. 

Picker, an out-guard poſted before an army, to give 
notice if an enemy approaches. 


PinTLE, a long iron bolt fixed upon the middle of the 


- limber bolſter, to go through the hole made into the 
5 trail 
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trail tranſom of a field carriage, when it is to be tranſ- 
ported from one place to another. 

Pix TIE- PLATE, is a flat iron through which the pintle 
paſſes, and nailed to both ſides of the bolſter, nailed 
with eiglit diamond-headed nails. 

PrinTLE-W ASHER, an iron ring through which the pintle 
paſſes, placed cloſe to the bolſter for the trail to move 
upon. 

2.27 Horx, is op an oval figure made in the trail 
tranſom of a field carriage, wider above than below, 
to leave room for the pintle to play in an uneven road. 

PinTLE-PLATES, one above and one below the pintle 
hole, with a ring at the end, nailed to the trail tran- 
ſom with diamond. headed nails, 

Pix, an iron nail or bolt, with a round head, and gene- 

rally has a hole at the end to receive a key; there are 
many ſorts, as axle-tree pins or bolts, bolſter pins, 
pole pins, ſwing-tree pins, &c. 

P.aTroRMs, of a battery, is the bed of wood upon 

which the guns ſtand ; each conſiſting of eighteen 

lanks of oak or elm, a foot broad, two inches and a 
Fualf thick, and from eight to fiſteen feet long, nailed 
or pinn'd on five beams of about four inches ſquare, 
called ſleepers. 

The platform muſt be higher behind than before 
by ſix or nine inches, to prevent too great a recoil, 
and to advance the gun eaſily when loaded. 

Pol E, in a four wheel carriage, is faſtened to the middle 
of the hind axle-tree, and paſſes between the fore- 

axle- tree and its bolſter, faſtened with the pole pin ſo 
as to move about it, and faſtens the fore and hind 
carriages together, 

PoINT-BLANK, is ſaid of a gun when laid level; and 
point-blank range the diſtance the ſhot goes upon a 
level plain, 

 PonToon, a flat-bottomed boat, Jer 8 4 — * wood 
is lined within and without with tin; they ſerve to 

lay bridges over rivers for the artillery and army. 

Phe 


N 
The French pontoons are made of copper, and only 
on the outſide; though they coſt more at firſt, yet 
they laſt much longer than thoſe of tin, and when 
wore out the copper ſells nearly for as much as it coſt 
at firſt. pines 

PonToon Carr1act, made of two wheels and two 
long ſide- pieces, whoſe fore ends are ſupported by a 
limber, and ſerves to carry the pontoon, boards, and 
the pieces . of timber laid acroſs for making the 
bridge. | 

Pox r FIRE, a compoſition put in a paper caſe to fire 
guns and mortars upon particular occaſions, or to 
light recreative fire-works. 

PouNDER, ſaid of guns to ſpecify a certain caliber; thus, 
a twenty-four, twelve, or a ſix-pounder are thoſe 
pieces whoſe balls weigh twenty-four, twelve, or ſix 
pounds, 

Powper, Gun, a compoſition of ſaltpetre, ſulphur, 
and charcoal; the uſual proportion is, to fix of ſalt- 
petre, one of ſulphur, and one of charcoal, well mixed 
and grained, and is put into barrels which contain 
100 pounds each, for the uſe of artillery. 

Powptr-Carr, a two-wheel carriage, covered with an 
angular roof of boards, and to prevent the powder from 
dampneſs a tarred canvaſs is put over the roof; on 

each ſide are lockers to hold ſhot in proportion to the 
quantity of powder, which is generally four barrels. 
The French uſe powder-waggons, which carry 12 
barrels of 200 pounds each, but then the ſhots are 
carried by themſelves on other carriages. 

POWDER MAGAZINE, a building to hold the powder in 
fortified places, containing ſeveral rows of barrels laid 
one over another, and arched over ſo as to be bomb- 
proof. e 

PowWD RR Mirt, where the materials are beat, mixed 
together, and grained ; they are placed near rivers, 
and as far from any houſe as can be, for fear of acci- 


dents, which often happen. 
8 Poor 
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| Pkovy of Fizz Anus, the e rule for proving 


guns and mortars is to fire them three times with 
double the quantity of powder as they are loaded 
with in common ſervice; but the rule of the ord- 
nance is, that all guns under 24 A Leg are loaded 
with powder as much as their weighs; a braſs 
24 pounder with 2 1Ib. a braſs 32 Nader with 26lb. 
12 ounces, and a 42 pounder with 31 lb. 8 ounces 
the iron 24 pounder with 18 lb. the 34 with 21 lb. 


8 ounces, and the 42 with 23 lb. 


The braſs light feld pie are proved with powder 
that weighs half that of their ſhot, except in the 24 
pounder, which is loaded with 10 b. only. 

The government allows 11 bullets of lead in the 
pound for the proof of muſkets, and 14.3, Or 29 in 
two 1 for ſervice; 17 in the pound for the 
proof of carabines, and 20 for ſervice; 28 in the 
pound for the proof of piſtols, and 34 for ſervice. 

When guns of a new metal or of lighter conſtruc- 


tion are proved, then, beſides the common proof, 


they are fired two or three hundred times as quick as 
they can be, loaded with the common charge given 
in ſervice. Our light ſix pounders were fired 300 times 
in three hours and twenty-ſeven minutes, loaded with 
1 1b, and 4 ounces of powder. 


QUADRANT, an inſtrument made of braſs or wood, 


divided into degrees, and each degree into ten parts, 
to lay guns or mortars to any angle of elevation, 

The common ſort is a quadrant, one of the radii 
projects the quadrant of about a foot, and a plummet 
ſuſpended in its center, by means of a fine thread of 
filk, ſo that when the long end is introduced into the 


piece the plummet ſhows its elevation. 


The beſt ſort has a ſpiral level fixed to a braſs ra- 
dius, ſo when the long end is introduced into the piece, 
this radius is turned about its center till it is level, 
then its end ſhews the angle of elevation, or the in- 

clination 
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clination from the horizon, whereas the firſt ſnews that 
angle from the vertical. en e 
Qviekx Maren, made of three cotton ſtrands drawn 
into lengths, and put into a kettle juſt covered with 
white wine vinegar, and then a quantity of ſaltpetre 
and mealed powder is put in it, and boiled till well 
mixed. Others put only ſaltpetre into water, and 
after that take it out hot and lay it into a trough with 
ſome mealed powder, moiſtened with ſome ſpirits of 
wine, thoroughly wrought into the cotton by rolling 
it backwards and forwards with the hands; and when 
this is done, they are taken out ſeparately, drawn 
through mealed powder, and dried upon a line. 
Rax, the diſtance from the battery to the point where 
the ſhot or ſhell touches the ground. 
RANGE, PoinT BLANK, that when the piece lies in a 
horizontal direction and upon a level plane. 
Raxce, Raxpom, when the piece is elevated at an 
angle of elevation of 45 degrees upon a level plane. 
Raves, are the upper wooden bars in a cart or waggon, 
ſupported by the round and flat ſtaves which enter 
into them, N | | | 
RecrmmenT of ARTHAERY, is compoſed of three bat- 
talions, and (a company of cadets) each battalion of 
ren companies, and in time of war two companies of 
miners are added to it. , Wy” 
Rixrokck, the part of a gun next to the breech, 
which is made ſtronger to reſiſt the force of the pow- 
der: there are generally two, called the firſt and ſe- 
cond the ſecond is ſomething ſmaller than the firſt, 
upon the ſuppoſition that when the powder is inflamed, 
and occupies a greater ſpace, its force is diminiſhed : 


we have ſhewn, in our conſtruction of guns, the ab- 


ſurdity of this practice. 
Rerinrorce-RinG; there are three in each gun, called 
the firſt, ſecond, and third ; they are flat mouldings, 


| like flat iron hoops, placed at the the breech end gd 
| : the 
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che firſt and ſecond reinforce, projecting the reſt of 
the metal by about a quarter of an inch. 
RELIZVER, an iron ring fixed to a handle by means of 
a ſocket, ſo as to be at right angles to it: it ſerves to 
diſengage the ſearcher of a gun, when one of iis points 
are retained in a hole, and cannot be got out ether- 
wiſe... 1 
RipER, a * of wood ſomething higher than broad, 
the length equal to that of the body of the axletree 
upon which the fide-pieces reſt in a four-wheel car- 
riage, ſuch as the ammunition waggon, block car- 
riage, and fling waggons. | 5 
RinGs, of various uſes, ſuch as the Jaſhing rings in 
travelling carriages to laſh the ſponge, rammer, and 
ladle, as well as the tarpauling that covers the guns; 
the rings faſtened to the 2 bolts in ſhip-car- 
riages; and the ſhaft-rings to faſten the harneſs of 
the ſhaft horſe by means of a wooden pin. 
RIVvETTINd-Prarzs, ſmall ſquare thin pieces of iron, 
through which the ends of bolts paſs, and rivetted 
upon them. 5 bk 
Ros, iron or wood, rammers, to drive the charges of 
muſkets, carabines, and piſtols home to the bottom of 
the pieces. | 


Rops, or STicxs, faſtened to ſky rockets, to make 


them riſe in a ſtrait line. 
RockEeTs, made for recreative fire - works, both for the 
air and water; the fky have fticks fixed to them. 


Ror Es, of various lengths and thickneſs, according to 


the uſes they are made for ; ſuch as drays, for the 
gin, for the ſling cart and waggon. 

SALTPETRE, the principal ingredient for making gun- 
powder, is found in great plenty in ſome of the Eaſt- 
ern provinces and in Europe, and is extracted from 
the earth dug aut of cellars and ſtables, or elſe near 
old walls where urine has been made, 

SALTING Boxes, for holding mealed powder to throw 
upon the ſhells, when in the mortar, in order that 

— | = the 
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the fuzes may take fire from the blaſt of the powder; 

but it has been found that the fuze takes fire without 

mealed powder by which theſe boxes are rejefted. 

Saws, for cutting wood, very uſeful in artillery, to cut 
planks of travelling carriages or platforms, and in 
general for all carpenters work, &c. 

SCALES, of ſeveral ſorts, large and ſmall, to weigh 
from a grain to four or five tons. ; 

SCALING LaDDERs, uſed in ſcaling when a place is to 
be taken by ſurprize: they are made ſeveral ways 
here we make them with flat ſtaves, fo as they may 
move about their pins, and ſhut like a parallel ruler, 
for conveniently carrying them. The French make 
them of ſeveral pieces, ſo as to be joined together, and 
to be made of any neceſſary length; ſometimes they 
are made of ſingle ropes knotted at proper diſtances, 
with iron hooks at each end, one to faſten them upon 
the wall above, and the other in the ground; and 
ſometimes they are made with two ropes, and 
ſtaves between them to keep the ropes at a proper 
diſtance, and to tread upon. 

Seas, faſtened to the caſcable of a light gun or ho- 
witz, by means of an iron bolt, and goes through a 
ſocket fixed upon the center tranſom, to lay the piece 
with inſtead of wedges, as is done in heavy pieces. 

Sera MorRTARS, are thoſe put on board of bomb ketches, 
to be uſed in the bombarding of ſea- ports; each ketch 
carries two, one of thirteen and one of ten, no leſs 
are uſed. 

SeTTERs, a round ſtick to drive fuzes, or any other 
compoſitions, into caſes made of paper. 

SHAFT-RINGS, lee rings. 7h. 

Snarrs of a carriage, are two poles joined together 
with croſs bars, whereby the hind horſe guides the 
carriage, and ſupports the forepart of the ſhafts, the 

hind turning round an iron bolt. ; 

Snarr Bas, are two pieces of wood to faſten the hind : 

ends of the ſhafts together, into which they are pinned |; 
with nails of wood, | N 
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SEHELLS,' a hollow iron ball to throw out of mortars or 
howitzes, with a hole of about an inch diameter, to 
load them with powder and to receive the fuze; the 
bottom or part oppoſite the fuze is made heavier than 

the reſt, that the fuze may fall uppermoſt; but in 
ſmall elevations is not always the caſe, nor is it ne- 
ceſſary; for when it falls firſt, it ſets fire to the pow- 
der in the ſhell. But whether it breaks or not, it 
would be better to make the ſhell every where of the 
ſame thickneſs, becauſe it would then burſt into a 
greater number of pieces than it does now. 

SHEEP-SKINS, ſerve to cover the mortars or howitzes 
between firing, to prevent any wet or dampneſs get- 
ting in ben 

SHOT-IRON, balls to load guns with; the ſhot of lead 
to load muſkets, carabines, or piſtols, which are called 
bullets. > 

SyoT-GRraAPE, a certain number of ſmall ſhots of iron 
or lead, quilted together with canvas and ropes about 
a pin of iron or wood, fixed upon a bottom of the 
ſame matter, ſo as the whole together weigh nearly as 
much as the ſhot of that caliber, 

SHOVEL, a miner's or pioncer's tool to dig and throw 
op earth. 

S1Dg-PIECES, of gun carriages, ſee carriages, 

SIDE-STRAPS, in a field carriage, are flat iron bands 
which go round the ſide· pieces s, in thoſe places where 
the wood 15 cut croſs the grain, to ſtrengthen them 
near the center and the trail. 

SLEETS, are the parts of a mortar going from the cham- 
ber to the trunnions, to ſtrengthen that part, ſee plate 
II. fig. 5. by the letter n. 

SL1NG-CART, or W2ggon, ſerves to carry guns or mor- 

tars a ſmall diſtance, by means of a rope faſtened 
with one end round the middle of the pieces, and 


wound upon a roller, by means of handſpikes, or a 
rack work. 


SOMMERS, 


1 ] 


SoMMERS, in an ammunition waggon are the upper 
ſides, ſupported by the ſtaves entered into them with 
one of their ends and the other into the ſide-pieces. 

SPIKES-HAND, is a leaver of four or five feet long, and 
about two and a half inches diameter, tapered on one 

ends, and flat on the other, to be put under a gun or 
mortar to raiſe it from the ground, ſo as to put a ſkid 
or piece of wood under it, | 

SPONGE, of a gun or mortar, is a cylinder of wood fixed 
to a handle, and whoſe diameter and length are equal 
to the diameter of the ſhot in guns, covered with a 
lambſkin to clean the piece with after it has been fired. 

Spok Es of a wheel, are the roundiſh parts between the 
nave and fellows, or circumterence of the wheel. 

STAPLES, are drove in the fide-pieces of gun and mor- 
tar carriages, to faſten the keys of eye- bolts by means 
of chains; there are alſo {taples to the locker of gun 
carriages, and for ſeveral other uſes, 

STAvEs, round and flat, uſed in ammunition and other 
waggons or carts, the round and flat ſticks between 
the ſommers and fide-pieces, or elle in common or 
ſcaling ladders to tread upon. 

STays, axle-tree, in truck carriages, are the irons which 
are fixed one end under the fore axle-tree, and the other 
to the ſide· pieces, in the form of an S. 

STEEL-YARD, a fort of ſcale whereby many things are 
weighed, by means of two weights only, one fixed 

near the end, and the other ſliding along the beam 
upon which the weights are marked, according to the 
diſtances from the point of ſuſpenſion. 

STONE-MORTAR, made lighter than the common, with 
a cylindric ſpace near the chamber to hold a baſket 
filled with {tones, which are flung amongſt an enemy, 
inſtead of ſhells or grapes, when near. 

STOOL-BED, in a truck carriage, ferves as a ſtool for the 
guns to lay upon, and the wedges for railing them. 

STREAKES, are the iron bands on the outſide of a wheel 
to bind ſtrongly the fellows together. 


STREAKE- 
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STREAK £ NAILS, are thoſe drove through the ſtreakes 

into the fellows. 

SULPHUR, or brimſtone, a mineral, very uſeful in mak- 
ing of powder, or in artificial fireworks. 

SWEEP- -BAR, of a waggon, is that which is fixed on the 
hind part of the fore- guide, and paſſes under the hind 
pole, which ſlides upon it. | 

SwiNG-TREE, the bar in a carriage faſtened acroſs the 
fore-guide, and to which the traces of the horſes are 

_ faſtened, 

TaBLEsS, a kind of regiſter to ſet down the dimenſions 

of carriages for guns, mortars, &c. 

TARPAULINGS, are made of ſtrong canvas thoroughly 
tarred, and cut into different ſizes according to their 
leveral uſes in the field; ſuch as to cover the powder 
waggons, and tumbrels carrying ammunition from 
rain; each field- piece has likewiſe one to ſecure their 
ammunition boxes. 


TxwTs, made of canvas, for officers and ſoldiers to lay 
under when in the field, 

T1N-TUBES, are uſed in guns to ſet fire to the powder 
inſtead of priming. Their advantage over priming 

is that they preſerve the vent from wearing. 

TomMPEONSs, or tampion, a wooden cylinder to put into 
the mouth of guns in mba to prevent the duſt 
or wet getting in. 
Sometimes ufed to put into the chambers of 
* over the powder when the chamber is not 
6 

Tox ds, of a waggon, a piece of wood fixed between 
the middle ot the hind, ends of the ſhafts, morticed 
into the fore croſs-bar and let into the hind-crofs- 
bar. 

Tools, of all ſorts, for artificers, miners, laboratory, &c. 

TRAIL, is the end of the travelling carriage oppoſite 
to the wheels, and upon which the carriage ſlides, 
hen unlimbered, or vpon the battery, 


TRANSOM, 


E 
TR ANSOu, the pieces of wood which join the ſide- 
pieces of gun carriages : there is but one in a truck 
carriage placed under the trunnion holes, and four in 


the wheel carriages ; the trail, the center, the bed, 
and the breaſt tranſoms, | 

TRANSOM-PLATES, With hooks; there is one on each 
ſide of the ſide· pieces againſt each end of the tranſom, 
the bed-tranſom excepted, faſtened by two tranſom- 
bolts. 2 | 

TRANSOM-BOLT, With burrs; they ſerve to tie the ſide- 
pieces to the tranſoms. 

TRAVELLING CARRIAGES, fee gun carriage, 

TRraveLLinG Force, fee forge. | 

TRAVERSING PLATES, two thin iron plates nailed on 
the hind part of a truck carriage of guns, where the 

handſpike is uſed to traverſe the gun. 

Trucks of a ſhip carriage, are wheels made of one 
piece of wood, from twelve to nineteen inches diame- 
ter, and their thickneſs is always equal to the caliber 
of the gun. | 

The trucks of garriſon carriages are made of caſt 
1 

TRuckx CARRIAGE, goes upon four trucks of twenty- 
five inches diameter, Bas two flat ſide-pieces of ten 
inches broad, and ſerves to carry guns, ammunition, 

boxes, or any other weights from the ſtore-houfes to 
the water ſide, or to any ſmall diſtance. 

Tx vunnions, two cylindric pieces of metal in a gun or 
mortar which project the piece, and by which they 
are ſupported upon their carriages. 

TRUNNIOW PLATES, are two plates in travelling car— 
riages which cover the upper parts of the ſide- pieces, 

and goes under the trunnions, its fore- part ends with 
a flat roſe. TION, 
Tuceins, are the iron pins which paſs through the fore 
ends of the ſhafts, to faſten the dravght-chains for 
the fore horſes. 
VENT, 
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Vavr, of all kinds of fire. arms, is a ſmall hole pierced 
at the end or near it of the bote or chamber, to prime 
the pieces with powder, or to introduce a tube, in 
order when lighted to ſet fire to the charge. 

VENT-TIEIp, is the part of a gun or howita, > kay the 
breech moulding and the aſtragal. M4 -: f 

VENT-ASTRAGAL, that which de wines che vent- 
field. Ss” 2H 

Wapp, made of bay or ſtraw, and ſometimes of tow 
rolled up tight in a ball, and ſerves to be put into a 
gun after the powder, and rammed home, to pre- 
vent the powder from being ſcattered, which would 
have no effect when unconfined. 

Wapp-MILL, a hollow form of wood to make the wadds 
in of a proper. ſize. . 

Wappinc, hay, ſtraw, or any other forage generally 

carried along with the guns to be made into \ wadds. 

Wapp- Hook, a ſtrong iron ſcrew, like thoſe that f-rve 
for drawing corks, mounted upon a wooden handle, 
to draw out the wadd, or any parts of cartridges, 
which often remain in guns, and when accumulated 
ſtops up the vent. 

WaskkR, a flat circular ring put on the axle-tree, be- 
tween the linch- pin and ſmall end of the nave, to 
prevent the nave rubbing againſt the linch- -pin and 
wearing it, as likewiſe to diminiſh the friction of 
the nave. 

Wzrcnrs, are of two ſorts, troy weight is the leaſt, 
and ſerves for all HO goods, lilver, gold, and me- 
dicine. 

Averdupois ſerves for all heavy courſe commodi- 
ties, and every thing is weighed by it in artillery, 

WIEEI of a carriage, well known by every body ; 

artillery their ſtrength is always, or ſhould be, 5 

portional to the weight they carry; the diameter of 

the wheels of heavy gun carriages is fifty-eight inches, 
and tnoſe for light fleld-pieces fitty- two only, | 


FS. 


